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Abstract 



There arc two approaches to projective representation theory of symmetric and 
alternating groups, which are powerful enough to work for modular representations. 
One is based on Sergeev duality, which connects projective representation theory of 
the symmetric group and representation theory of the algebraic supergroup Q(n) 
via appropriate Schur (super) algebras and Schur functors. The second approach 
follows the work of Grojnowski for classical affine and cyclotomic Hecke algebras 
and connects projective representation theory of symmetric groups in characteristic 
p to the crystal graph of the basic module of the twisted affine Kac-Moody algebra 
of type A ( p} 1 . 

The goal of this work is to connect the two approaches mentioned above and 
to obtain new branching results for projective representations of symmetric groups. 
This is achieved by developing the theory of lowering operators for the supergroup 
Q(n) which is parallel to (although much more intricate than) the similar theory 
for GL(n) developed by the first author. The theory of lowering operators for 
GL(n) is a non-trivial generalization of Carter's work in characteristic zero, and it 
has received a lot of attention. So this part of our work might be of independent 
interest. 

One of the applications of lowering operators is to tensor products of irreducible 
Q(n)-modulcs with natural and dual natural modules, which leads to important 
special translation functors. We describe the socles and primitive vectors in such 
tensor products. 
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Introduction 



Set up 

There are two approaches to projective representation theory of symmetric and 
alternating groups, which are powerful enough to work for modular representations. 
One is based on Sergeev duality, which connects projective representation theory of 
the symmetric group and representation theory of the algebraic supergroup Q(n) 
via appropriate Schur (super) algebras and Schur functors. This approach has been 
developed in |13) . 

The second approach follows the work of Grojnowski for the classical affinc 
and cyclotomic Hecke algebras and connects projective representation theory of 
symmetric groups in characteristic p to the crystal graph of the basic module of the 

(2) 

twisted afiine Kac-Moody algebra of type A p _ 1 . This approach has been developed 
in [12] and [30] . 

The goal of this work is to connect the two approaches described above and to 
obtain new branching results for projective representations of symmetric groups. 
This is achieved by developing the theory of lowering operators for the supergroup 
Q(n) which is parallel to (although much more intricate than) the similar theory 
for GL(n) developed in [26 . 

The theory of lowering operators for GL{n) is a non-trivial generalization of 
the Carter's work [19] in characteristic zero, and it has received quite a lot of 
attention recently, see for example [M[M[S[3[I3[32l|40l[4ll[43|4^ So 
this part of our work might be of independent interest, since it should be a useful 
tool for studying representation theory of Q(n) and for obtaining further results on 
projective representations of symmetric groups. 

One of the applications of lowering operators is to tensor products of irreducible 
Q(n)-modules with natural and dual natural modules, which leads to important 
special translation functors. In this paper we describe the socles and primitive 
vectors in such tensor products. 



Projective representations and Sergeev algebra 

We now describe the contents of this work more carefully. Let F be an alge- 
braically closed field of characteristic p ^ 2. Let S n be the symmetric group on n 
letters, and A n be the alternating group on n letters. 

Studying projective representations of S n over F is equivalent to studying linear 
representations of the twisted group algebra T n of S n , see for example [301 Section 
13.1]. Explicitly, T n is the F-algebra generated by the elements t\, . . . , t n _i subject 
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only to the relations 




1 (l<i<n), 

U+iUU+i (1 < i < n- 2), 

-tjU (1 < i,j < n, \i-j\ > 1). 



Inside the algebra T n we have the subalgebra 



U n := span{t g \ g £ A n }. 



This is a twisted group algebra of the alternating group A n , and its representation 
theory is equivalent to the projective representation theory of A n over F. 
We consider T n as a superalgebra with respect to the following grading: 



(when Z/2Z is used for grading, its zero and identity elements are be denoted o 
and l) . To understand the usual irreducible modules over T n and U n , it suffices to 
understand the irreducible supermodules over T n . This is explained precisely in |30[ 
Proposition 12.2.11]. So from now on, we are mainly interested in supermodules 
over the superalgebra T n . Note that understanding irreducible supermodules over 
T n , among other things, now entails understanding their type, which can be M or Q, 
see [30l Section 12.2]. 

Let C n be the Clifford (super)algebra given by odd generators ci, . . . , c n subject 
only to the relations 



The superalgebra T n is 'Morita superequivalent' to the Sergeev superalgebra 

y n ;=T n ®C n , 

where the tensor product is the tensor product of superalgebras. This is explained 
in detail, for example, in |30l Section 13.2]. In particular, the information about 
irreducible supermodules, including their type, is easily transferable between T n 
and y n . It turns out that y n is a little easier to work with than 7^, so from now 
on let us concentrate on y n . 



This approach has been realized in [12 , see also (301 . following the work of 
Grojnowski |21) for the usual symmetric groups (and cyclotomic Hecke algebras). 
The original idea here is due to Leclerc and Thibon |33j . 



(T n )o=Un, {T n )i = spa,n{t g \ g e S n \A n }. 



= 1 



(1 < i < n), 
(l<Mj<n). 



Crystal graph approach 



Set 



£ 




ifp = 0, 
l)/2 ifp>0; 



and 




ifp = 0, 
..,1} ifp>0. 
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The block components of the restriction resjy" are naturally labeled by the ele- 
ments of /. For any irreducible 3^„-supermodule L, this gives us a natural decom- 
position into block components [30, Section 19.1]: 

res^^ L = @resj L. 
iei 

If reSi L 7^ 0, then up to a (not necessarily even) isomorphism, there is only one 
irreducible 3^n-i-supermodule, denoted e^L, such that 

Komy n _ 1 (iiL, reSi L) ^ 0. 

If reSi L — 0, we set eiL = 0. Now, let B n be the set of the isomorphism classes 
of irreducible 3? n -supermodules, and B := \_\ n>0 B n . We make B into an /-colored 

graph as follows: [L{\ A [L2] if and only if L\ = eiLi. 

One of the main result of |12j is that the colored graph B is the crystal graph 
B(Ao) of the basic representation of the twisted afhne Kac- Moody Lie algebra of 
type A] p _ 1 (interpreted as type -Boo if p = 0). 

Kang [23 has given a convenient combinatorial description of the crystal graph 
B(Aq) in terms of Young diagrams, which we now explain. The following notions of 
p-strict and p- restricted partitions were first suggested in |33) . These notions arise 
naturally in [13] and |16j from completely different Lie theoretic considerations. 

For any n > 0, a partition A = (A 1; A2, • • •) of n is p-strict if A r = A r+1 for 
some r implies p \ X r . A p-strict partition A is p-restricted if in addition 

( \ r - A r+ i < p if p|A r , 
[ A r — A r+ i < p if p \ X r 

for each r > 1. If p = 0, we interpret both p-strict and p-restricted partitions as 
strict partitions, i.e. partitions all of whose non-zero parts are distinct. Let V p (n) 
denote the set of all p-strict partitions of n, and VSP v (n) C V v (n) denote the set of 
all p-restricted partitions of n. 

Let A be a p-strict partition. As usual, we identify A with its Young diagram, 
which consists of certain nodes (or boxes). A node (r, s) is the node in row r and 
column s. We label the nodes with (p-) contents which are elements of the set /. 
The labelling depends only on the column and follows the repeating pattern 

o,i,...,*-m,*-i,...,i,o, 

starting fom the first column and going to the right. For example, let p = 5, so 
1 = 2. The partition A = (16, 11, 10, 10, 9, 5, 1) belongs to TZV^, and the contents 
of its nodes are as follows: 
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The content of the node A is denoted cont B A 
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Let A be a p-strict partition and i € / be some fixed content. A node A = 
(r, s) 6 A is i-removable (for A) if one of the following holds: 

(Rl) contp^4 = i and A^ := A — {A} is again a p-strict partition; 

(R2) the node B = (r, s + 1) immediately to the right of A belongs to A, 

contpA — contpB — i, and both A# = A — {B} and \a,b := A — {A, B} 

are p-strict partitions. 

Similarly, a node B = (r, s) ^ A is i-addable (for A) if one of the following holds: 

(Al) contpi? = i and X B := A U {/?} is again an p-strict partition; 

(A2) the node A = (r, s — 1) immediately to the left of does not belong to 

A, contpA = contpS = i, and both \ A = A U {A} and \ A ' B := A U {A, £?} 

are p-strict partitions. 

Of course, (R2) and (A2) above are only possible if i = 0. 

Now label all i-addable nodes of the diagram A by + and all i-removable nodes 
by — . Then the i- signature of A is the sequence of pluses and minuses obtained by 
going along the rim of the Young diagram from top right to bottom left and reading 
off all the signs. The reduced i-signature of A is obtained from the i-signature by 
successively erasing all neighbouring pairs of the form — K 

Note the reduced z-signaturc always looks like a sequence of +'s followed by 
— 's. Nodes corresponding to — 's in the reduced i-signature are called i-normal 
or normal nodes for A of content i. The top i-normal node (corresponding to the 
leftmost — in the reduced i-signature) is called i-good. Nodes corresponding to +'s 
in the reduced i-signature are called i-conormal or conormal nodes for A of content 
i. The bottom i-conormal node (corresponding to the rightmost + in the reduced 
i-signature) is called i-cogood. Continuing with the example above, the 0-addable 
and 0-removable nodes are as labelled in the diagram: 
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The 0-signature of A is —,—,—,+,+,—,—, and the reduced 0-signature is 
The nodes corresponding to the — 's in the reduced 0-signature have been circled in 
the diagram. The top of them, which is the node (1, 16), is 0-good. There are no 
conormal or cogood nodes of content for A. 
Set 

_ _ J A^ if A is the i-good node, 
1 [0 if A has no i-good nodes, 

The definitions imply that e^(A) is p-restricted (or zero) if A itself is p-restricted. 
We make 1ZV P := U«>o TZVpin) into an /-colored graph as follows: A A- (J, if and 
only if A = e^/x. Kang [231 7.1] proves that this graph is isomorphic to the crystal 
graph B(A ). 
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Now we can canonically label the irreducible J^n-supermodules by the restricted 
p-strict partitions of n. This is done as follows. Let A G lZV p (n). The supermodulc 
G(A) is defined inductively through its branching properties. Indeed, G(0) will have 
to be the trivial supermodule since J^o is by convention the trivial algebra F. Now 
assume that n > and we have already defined G(fi) for all fi G VSP v (n — 1). Let 
A G TZV p (n). Then for some i, the partition A has a good i-node. Let fj, = CjA. Then 
G(A) is defined as the only irreducible y n -supermodule such that ejG(A) = G(p). 
We refer the reader to |301 Section 22.2] for further details. 

It is proved in |12j . see also [301 Theorem 22.2.1], that 

(0.1) {G(A) | A G nV p (n)} 

is a complete and irredundant set of irreducible 3^,-supermodules up to isomor- 
phism. Finally, for A G TZV p (n) we have that G(A) is of type M if h p >(\) is even and 
of type Q if h P '(X) is odd, where the p' -height h p >(X) of A is defined by: 

h p ,{\) := \ {i | 1 < i < n andpf Aj}| (AG TZV p (n)). 
Schur functor approach 

We now review in more detail the work [13) and |16) . Let us denote by G 
the algebraic supergroup Q(n) (it will be discussed in more detail in Section IT72~I) . 
The supergroup G has a "maximal torus" H and a "Borel subgroup" B with the 
natural supergroup epimorphism B — > H, so each .ff-supermodule inflates to a 
B-supermodule. 

The irreducible -ff-supermodules are parametrized by the set of weights X(n) :— 
Z™. If A = (Ai,...,A„) G X(n), we denote the corresponding irreducible H- 
supermodule by u(A), see |16l Lemma 6.4]. We point out that H is not com- 
mutative, and so u(A) does not need to be 1-dimensional. In fact, 

h i (A) + l 

dimu(A) =2^ — J ; 

where 

V(A) := \{i | 1 < i < n and p\ \}\ (A G X{n)). 
The supergroup G has a "Chevalley anti-involution" r which defines the duality 
V i y V T on finite dimensional G-supermodules. For A G X(n), define the Weyl 
supermodule 

nA):=(indfu(A)) T . 

A weight A = (Ai, . . . , A„) G X(n) is dominant if Ai > ■ ■ • > A„. A dominant 
weight A = (Ai, . . . , A„) G X(n) is p-strict if A r = A r +i for some 1 < r < n implies 
p | A r . The set of all p-strict dominant weights in X(n) is denoted by A+(n). It is 
proved in j!6] that V(A) is non-zero if and only if A G Xp(n), in which case V(X) 
is finite dimensional and has a unique highest weight A. Moreover, V(A) is the 
"universal highest weight supermodule" of weight A, see |16[ Lemma 6.13]; V^(A) 
has a unique irreducible quotient L(X); and 

{L(A) | A G X+(n)} 

is a complete irredundant set of irreducible G-supermodules up to isomorphism. 
Finally, L(X) is of type M if h p > (A) is even and of type Q if h p / (A) is odd. Observe the 
remarkable fact that, unlike in the "even case" of GL(n) and other "purely even" 
reductive algebraic groups, the parameterization of the irreducible supermodulcs 
for Q(n) depends on p. 
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INTRODUCTION 



Sergeev duality allows us to push some of the results for the algebraic supergroup 
Q(n) to results about y n , just like the classical Schur-Weyl duality connects the 
general linear group GL(n) and the symmetric group S n . In order to apply Sergeev 
duality we need to restrict our attention to polynomial representations of Q(n) of 
degree n. These are defined and studied in |16l Section 10] and |13j . The irreducible 
supermodule L(X) and the Weyl supermodule V(A) are polynomial of degree n if 
and only if A is a (p-strict) partition of n. 

The category of finite dimensional polynomial representations of Q(n) of degree 
n is equivalent to the category of finite dimensional supermodules over certain Schur 
superalgebra S(n,n) of type Q(n). There is an idempotent e £ S(n,n) such that 

eS(n,n)e = y n , 

see |13l Theorem 6.2]. This defines the Schur functor from S(n, n)-supermodules 
to 3? n -supermodules: 

eM. 

Any partition in V p (n) can be considered as a weight in X+(n). Then the main 
results of |13j can be stated as follows. Define the Specht supermodules 5(A) and 
the supermodules D(X) over y n as: 

5(A) := -F(F(A)), D(X) := J"(L(A)) (A € V p (n)). 

Then D(X) ^ if and only if A £ TZV p (n), in which case D(X) is the simple head 
of 5(A). Moreover, 

(0.2) {D(X) | A g KV p {n)} 

is a complete and irredundant set of irreducible 3^„-supermodules up to isomor- 
phism. Finally, for A G lZP p (n) we have that D(X) is of type M if h p /(X) is even and 
of type Q if h p > (A) is odd. 

Modular branching rules 

Our first main result is the following modular branching rule for irreducible 
supermodules over Sergeev supealgebras: 

Theorem A. Let X £ KT p {n) and (j, £ KV p (n - 1). Then 

(i) /i is obtained from X by removing a good node if and only if 

Hom 3lv ,_ 1 (U0i),ras^_ 1 D(X)) ^ 0. 

(ii) \x is obtained from X by removing a normal node if and only if 

Hom 3 ;„_ 1 (5(/x),re S ^_ i £»(A))^0. 

In particular, if p, is obtained from X by removing a normal node then 
D(fi) is a composition factor of the restriction reSy 1 i D(X). 
(hi) A is obtained from fi by adding a cogood node if and only if 

Homy n (£>(A) ) ind^_ i £)(M)) ^ 0. 

(iv) A is obtained from /i by adding a conormal node if and only if 

RomyJS(X),md^_ i D(p))^0. 

In particular, if X is obtained from fi by adding a conormal node then 
D(X) is a composition factor of the induced module ind^" i D(/i). 
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We believe that Theorem A(ii) provides an especially important information, 
as many applications of branching rules for linear representations involve normal 
nodes, see for example [28ll4l l5l HOl \TT\ . 

The reader is referred to Section [8T21 for translation from 3^n~supermodules to 
7^-supermodules. 

Connecting the two approaches 

Looking at (|0.1|) and (|0.2|) . we would of course like to know that D(X) = G(A) for 
all A. In other words, do the Schur functor approach and the crystal graph approach, 
described above, lead to the same classification of irreducible 3^„-supermodules, 
and hence to the same classification of projective representations of the symmetric 
groups in arbitrary characteristic? Unfortunately, this is far from clear. 

This situation is quite annoying, because different sets of results are available 
for the modules D(X) and for the modules G(X). For example, the works |13L 117] 
obtain results on D(A)'s, while the works QJJ [301, HI 113 EH GUI H] obtain 
results on G(A)'s. (Do not be mislead by the fact that the irreducible modules are 
usually denoted D(X) in all cases!) The second main result of this work removes 
the "annoyance" described above: 

Theorem B. We have D(X) = G(A) for all A G TIV V . 

We point out that the similar issue for the linear representations of symmetric 
groups has been resolved. We know of three different arguments, all of which rely 
on heavy machinery. 

The first argument, outlined in [30, Remark 11.2.2], appeals to the work 
[25] 126] I27j . which shows that the modules -D(A), defined using Specht modules 
or Schur functors from GL(n), satisfy the socle branching rules described by the 
combinatorics of good nodes, just like G(A)'s do by definition. This is sufficient to 
identify D(X) with G(A). 

The second argument is due to Ariki [2]. It relies on the powerful Ariki's 
categorification theorem pQ and subtle reduction modulo p arguments. 

The third approach [18] also relies on the Ariki's categorification theorem as 
well as the idea of an extremal weight from [14] . 

As the projective analogue of Ariki's categorification theorem is not available, 
the only feasible approach to the proof of Theorem B is the first one — through the 
branching rules for the modules D(X), that is through Theorem A. This is what we 
implement in this paper. 

Some tensor products over Q(n) 

The category of finite dimensional Q(n)-supermodules can be considered as 
a category of integrable finite dimensional supermodules over the corresponding 
distribution algebra, which is naturally isomorphic to the hyperalgebra U(n), see 
Section 11.21 It is convenient to work in a larger integral category O p of U (n)- 
supermodules. This is described in detail in Section fl. 31 Here we just mention that 
the irreducible supermodules in the category O p are labelled by all integral weights: 

{L(X) | A e X(n)}, 

and there are Verma modules 



|M(A) | AS X(n)}. 
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The notions of normal, good, conormal, and cogood nodes for partitions are gener- 
alized to those of normal, good, conormal, and cogood indices for arbitrary weights 
A G X(n), see Chapter [S] Finally, let £j denote the weight 

e t := (0,. .. ,0,1,0,. ..,0) G X{n) 

with 1 in the ith position. Now our main result on tensor products is as follows: 

Theorem C. Let A, /i G X(n). Then: 

(i) Hom(/( n ) (M(/i), L(X) (g) V*) ^ if and only if /i = A — for some X- 
normal index i. 

(ii) Hom[/( n ) (L(fi), L(X) ® V*) ^ if and only if /a = X — Si for some X-good 
index i. 

(hi) Honi[/( n ) (M(/i), L(X) ®V) ^= Q if and only if fi = X + for some X- 
conormal index i. 

(iv) Hom[/( n ) (L(fi), L(X) ® V) ^ if and only if [i = A + £; /or some X-cogood 
index i. 



CHAPTER 1 



Preliminaries 

1.1. General Notation 

Throughout the paper F is an algebraically closed field of characteristic p 7^ 2. 
We identify Z/pZ with the simple subfield of F. Residues modulo p will be denoted 
by bold, for example, = + pZ, 2 = 2 + pZ. For any j £ Z, we set 

(1.1) Res p j := j(j - 1) +pZ £ Z/pZ C F. 

For any condition tt, let denote 1 if it is satisfied and otherwise. 
When Z/2Z is used for grading, its zero and identity elements are be denoted 
and 1, respectively. We adopt the convention (—1)° = 1 and (— l) 1 = 1. 
For s,(eZU {±00}, we use the following notation for "segments" in Z: 

[s..t] ={i£ZU {±00} I s < x sC t}, [s..t) = {x £ Z U {±00} | s ^ x < t}, 
(s..t\ = {x £ Z U {±00} \s<x^t}, (s..t) = {x £ Z U {±00} | s < x < t}. 

We often denote by x n the sequence (x, x, ... , x) (x repeated n times). 

For a sequence A of length n and an index i = 1, . . . , n, we denote by A, the 
ith entry of A. In other words, A = (Ai, . . . , A„). We also set ^ A := Ai + • • • + A„ 
(when this makes sense). Considering A as a function on [l..n], for any / C [l..m] 
we denote by A|/ the restriction considered as a sequence. For example, A| fi..^) = 
(Ai, . . . , A„_i). If / : T — > M is a function, its value at a point t E T will be denoted 

fit) or f t . Moreover, denote J2 f '■= EteT /(*) and E 2 / : = E s ,t S T, s <t fsft (when 
makes sense). 

Let S C Z. A subset R C £ is called a beginning (resp. end) of 5 if for any 
r £ R, all elements x £ S such that x < r (resp. x ^ r) belong to i?. In other 
words, a beginning of 5 is a set of the form S n (— 00. i) and an end of 5 is a set of 
the form S n (i.. + 00) for some ieZU {±00}. 

If M is a set and x e M, we denote by M xh ^ y the set M \ {x} U {y}. Similar 
notation makes sense for multisets. 

For any integer n £ Z, we consider its odd counterpart n and let Z := {fi\n £ Z}. 
We assume Z n Z = 0. A signed set is a subset 5 C Z U Z such that both n and 
n belong to S for no n S Z. Elements of Z are called even and elements of Z are 
called odd. We use the following order onZUZ: n < m, n < fh, n<mfor 
arbitrary n, m £ Z satisfying n < m in the usual order on Z. Moreover, for n £ Z, 
it is convenient to use the following notation: n ~ n, n ~ n, n ~ n, n <~ n. 
For any a; e Z U Z, the element y £ Z such that x ~ y is called the absolute value 
of x. For example, 7 is the absolute value of 7 and 7. 

For a finite signed set S = {n\, . . . , nk} U {mi, . . . ,fhi} the height of 5 is 

ht S 1 = m H h n fe + mi H h m ; 
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and the parity of S is 

||5|| = l-ie Z/2Z. 

By convention, ht = — oo and ||0|| = o. Let I C Z. A signed set S 1 is a 
signed /-set if the absolute value of each element of S belongs to I. For example, 
let S = {1,3,5,6,7}. Then, S is a signed [1..7]-set but not a signed [2..7]-set. 
Moreover, htS = 22, ||5|| = 1, mhxS = 1 and maxS" = 7. 

We can apply usual operations of set theory to signed Z-sets, simply considering 
them as subsets of ZUZ. For example, {2, 5, 8}u{3, 9} = {2,3,5,8,9}, {3,4, 7,8}\ 
{4,8} = {3,7} and {1,4,5} Jm . s = {l,3,5}. Let M be a signed set and S C Z. 
Then we denote by Ms the signed set consisting of all elements x G M whose 
absolute values belong to S. For example, {1, 2, 3, 5, 6}(2..5] — {3,5}. 

If A = A © A± is a superalgebra, and a £ A is a homogeneous element of 
degree S G {0, 1}, then we write ||a|| := S. If a and b are two homogeneous elements 
of A, we denote the supercommutator 

(1.2) [a, b] := ab - {-l)^ b ha. 

If V is an yl-supermodule and B is a subsuperalgebra of B then the restriction of 
V from A to B is denoted res^ V or simply Ve- 
in this paper, we will deal with root systems of type A„_i. Denote Si := 
(0, . . . , 0, 1, 0, . . . , 0) G E n with 1 in the ith position. For i — 1, . . . , n — 1, set 
on := Si — £i+i and for 1 ^ i < j ^ n, set a(i, j) := Ei — Ej. Thus ot\, . . . , a„_i 
are all simple roots and j) | 1 ^ i < j < 71} are all positive roots. We denote 
X(n) :~ (J)" = i Z • £, = Z n and sometimes refer to it as the weight lattice. Elements 
of X(n) are called weights. We denote the non-negative part of the root lattice by 

n-l 

Q+( n ) '■= (J)Z> • a,. 

i=\ 

We use the usual dominance order on A ^ /i if and only if A — fJ, G Q+. A 

weight A = (Ai, . . . , A„) G X(n) is dominant if Ai > •• • > A„. A dominant weight 
A = (Ai, . . . , A„) € A(n) is p-strict if A,; = A^ + i for some 1 < i < n implies p \ A;. 
The set of all p-strict dominant weights in X{n) is denoted by X+(n). Denote 

V(A) := \{i I 1 < i < n and p | AJ| (A e X(n)). 

1.2. The supergroup Q(n) and its hyperalgebra 

We review some basic facts on the supergroup Q{n) and its hyperagebra refer- 
ring the reader to [16] for details. 

The complex Lie superalgebra q(n,C), as a vector superspace, consists of all 
complex 2n x 2n matrices of the form 



s 




S' 


s 



where S and S' are n x n matrices with complex entries. Such a matrix is even, 
i.e. belongs to q(n, C) , if S' = 0. Such a matrix is odd, i.e. belongs to q(n, C)i, if 
5 = 0. The supercommutator of two homogeneous elements x,y € q(n,C) is defined 
by [x,y] = xy — (— l)" 1 "'"^"^, where ||x|j, \\y\\ G Z2 denote the parity of elements 
x, y respectively. 
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Let e S] t denote the 2n x 2n matrix with 1 in the (s, ^-position and zeros else- 
where. For 1 < i,j < n set 

X{^j • "F &n+i,n+j : XiJ ' — &i,n+j F ^n+i,j (1 — i: j — 

Then {Xij, Xij | 1 < i, j < n} is a basis of q(n, C). Let Uz{n) be the Z-subalgebra 
of the universal enveloping superalgebra Uc(n) generated by 

• x[f := X%/m\ (l<i^'<n,me Z^ ); 

• Xij (l<i?j<n); 

• X M (X M - 1) • • • (X M - m + l)/m! (1 < i < n, m e Z >0 ); 

• X iA {l<i< n). 

Proposition 1.2.1 ( j!6[ Lemma 4.3]). The Z- superalgebra Uz(n) is free over Z 
with basis given by all products of x\^''\ X^'j 3 ^f'*^, Xf\ in a (fixed) arbitrary 
order, where nonnegative integers and bij,di G {0,1}. 

Set U{n) := U z {n) ®% F. The elements X$ <g> 1, X id <g> 1, ( x £) <g> 1, X M <g> 1 

in [7 (n) are denoted again by X-™\ x\^ , P^'M , X^i, respectively. We call U%{n) 
and U(n) the hyperalgebras of over Z and F respectively. We often re-denote: 

E (rn) ;= . ;= ^ ^ ;= ^ . ; = ^ . (1 ^ f < j- ^ n> m g Z > o); 

The hyperalgebra U(n) is naturally a superalgebra: the elements X^"?' 3 and 
(^c-'^j are even and the elements Xij and X^j are odd. Moreover, U(n) has a 
grading by the root lattice of the root system A n -\. We use the table bellow to 
describe the weights of the generators of U (n) in this grading: 



Element 




E i,3 




F 


(5) 


H l 


Weight 


ma(i,j) 


a(i,j) 


-ma(i,j) 


-a(i,j) 









Finally, U(n) inherits the structure of a Hopf superalgebra from Uc(n), but this 
will not be important here. The hyperalgebra has the triangular decomposition 
U{n) = U-(n)U°(n)U + (n), where 

• U~(n) is the subalgebra generated by i 7 ^™ and Fij; 

• U°(n) is the subalgebra generated by an d Hi; 

• U + {n) is the subalgebra generated by e["^ and ii'i.j. 

We will also need the sub(super)algebras U~°(n) :— U~(n)U°(n) and U-°(n) :— 
U°(n)U + (n). Similarly we have a triangular decomposition over Z: 

U z (n) = U z (n)U%(n)U+{n). 
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Recall that U(n) is a Hopf superalgebra whose co-multiplication A and antipode 
a are given by 

A(4?) = TZo *S ® 47"^ = *J ® 1 + 1 ® 

A ((*)) = Er=o (?) ® ( *,) . = F« ® 1 + 1 ® ^ 

^(^) = (-l)^, 

m t )) = ("m)' Vm = -Hi- 

As usual, the comultiplication is used to define the structure of a J7 (n)-supermodule 
on the tensor product of two ?7(ro)-supermodules, and the antipode is used to define 
the structure of a [/(n)-supermodulc on the dual of a £/(n)-supermodule. The dual 
supermodule to the supermodule M will be denoted M*. 

The hyperalgebra plays an important role because it is isomorphic to the al- 
gebra of distributions of the supergroup Q(n). Recall that a supergroup (over F) 
is a functor from the category satg F of commutative F-superalgebras and even ho- 
momorphisms to the category of groups. In particular, the supergroup Q(n) by 
definition is a functor G which to a commutative F-superalgebra A — A © A x 
assigns the group G(A) of invertible In x In matrices of the form 

(1.3) 



s 




-S' 


s , 



where S is an n x n matrix with entries in A a and 5" is an n x n matrix with 
entries in A±. To a morphism / : A — > B the functor G assigns the morphism 
G{f) '■ Q(n)(A) — > Q{n)(B) acting as / on each entry of the matrix G(A). 

Actually, G is an algebraic supergroup, i.e. an affine superscheme with the co- 
ordinate ring ¥[G] is described as follows. Let M be the functor from sa[g F to the 
category of sets which assigns to a commutative superalgebra A the set of all 2n x 2n 
matrices of the form (|1.3p . Then M is isomorphic to the affine supescheme A™ ' n 
with coordinate ring ¥[M ] being the free commutative superalgebra on even genera- 
tors Sij and odd generators • for 1 < i,j < n. It is known [161 Section 3] that G is 



the principal open subset of M defined by the function det 



s 




-S' 


s 



i-> det S. In 



particular, ¥[G] is the localization of ¥[M] at the function det := det ||sjj||i<i.j< n . 
The Hopf superalgebra structure of F[G] is described explicitly in |161 Section 3]. 

Let e be the identity matrix in G(F), and I e be the kernel of the evaluation map 
¥[G] — > F, / i-> /(e). The algebra of distributions Dist G is defined as DistG := 
U m>0 Dist m G, where Dist m G = {u G F[G]*|/i(/™ +1 ) = 0}. The Hopf superalgebra 
structure on F[G] yields a cocommutative Hopf superalgebra structure on Dist G. 

Theorem 1.2.2 f [16l Theorem 4.4]). The Hopf superalgebras DistG and U(n) are 
isomorphic. 

From now on we identify U(n) with DistG and interchange them freely. Let 
M be a J7°(n)-supermodule and A — ^ i£i e X(n) be a weight. Define the 

A- weight space of M: 



■ = {v G M | (£«)« = (^) for alH = 1,.. .,n, m > 1}. 
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A t/(n,)-supermodule is a [7°(n)-supermodulc on restriction, so its weight spaces 
are also defined. A [/(n)-supermodule M is integrable if M is locally finite and 
M = Q)\ e x(n) A structure of G-supermodule on a vector superspace M 

canonically gives rise to a structure of an integrable [/(n)-supermodule on M. It 
is proved in |16j that the converse is also true, i.e. a structure of an integrable 
[/(n)-supermodule on a vector superspace M canonically lifts to a structure of a 
G-supermodule on M: 

Theorem 1.2.3. 16, Corollary 5.7] The category of G-supermodules is isomorphic 
to the category of integrable U(n)-supermodules. 

In view of the theorem, we will switch freely between G-supermodules and 
integrable £/(n)-supermodules. 

1.3. Highest weight theory 

The classification of irreducible G-supermodules was obtained in |16j . 

Proposition 1.3.1 ([HI Theorem 6.11]). For any A G X^(n) there exists a G- 
supermodule L(X) with highest weight X, i.e. £(A) A ^ and £(A) M 7^ only 
if (i < X. Moreover, {L(X) | A G X+(n)} is a complete and irredundant set of 
irreducible G-supermodules up to isomorphism. 

Consider the algebra antiautomorphism r = t„ of U(n), i.e. a linear map such 
that r(xy) = r(y)r„(x) for all x, y G U{n), defined by 

r{E^) = F%\ T(F[?) = E%\ r((f„*)) = (^), 

T(Eij ) = Pi j , r{F id ) = E itj , T{H t ) = H t . 

For any [/(n)-supermodule M which has a weight space decomposition M = 
®\ex(n) -^ A > we denote by M T the superspace © iEX (n)(^ A )* 0I " linear functions 
/ : M ^ F with the grading M£ = {/ e A/ r |/(A/ 1 ) = 0}, = {/ G M r \f(M ) = 
0}. This superspace is made into a [/(n)-supermodule via (xf)(m) = /(r(cc)m) for 
x G U(ri), f G M T , m G M. The supermodule M T is referred to as the contravariant 
dual of M and should be distinguished from the usual dual M* . For any U (n)- 
homomorphism £ : M — > N, we denote by £ T the map from N T — > M T defined by 
C T (/) = / C f° r / <= -W T - Then £ T is a homomorphism of Z7(n)-supermodulcs. 

A vector v in a /7(n)-supermodule M is called primitive if it belongs to some 
weight space and E^jV — E^j v — for all 1 ^ i < j ^ n and m > 0. Likewise 
a subset of M is called primitive if each its vector is primitive. It follows from the 
results of |16[ Section 6] that the set of primitive vectors of L(X) is precisely L{X) X 
and that L(X) X is the irreducible U°(n) module u(A) described by the following 
proposition: 

Proposition 1.3.2. For each \x G X(n), there exists a unique (up to isomorphism) 
irreducible U° (n)- supermodule u(/x) such that u(/i) M = u(/x). Moreover: 

(i) dimu(M) = 2L(VM+ 1 )/ 2 J. 

(ii) if Hi = (mod p) for some 1 < i < n, then Hi u(/i) = 

(iii) if /j, G X+(n), then is isomorphic to u(/x) as a U (n) -module. 

(iv) u(/x) is of type M «/ and only if h p > (/i) is even. 

For each A G X(n), one can form the induced module H°(X) :— ind^u(A), as 
in pH (6.5)], and its contravariant dual V(X) := H°(X) T pH (10.14)]. Then 
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Theorem 1.3.3. pH Section 6] We have V(X) ^ if and only if X € X+{X), in 
which case V(X) is finite dimensional, V(X) X = u(A), V(X) has simple head L(X), 
and V(X) is universal among all finite dimensional U (n) -supermodules generated 
by a primitive U°(n)- sub supermodule isomorphic to u(A). 

It is often slightly more convenient to work in the larger category than the 
category of finite dimensional [/(rt)-supermodulcs. To define this larger category, 
given A G X(n), set 

X{X) := {n € X{n) | (j, < A}. 

Now, define the integral category O — 0(n) as the full subcategory of U(n)- 
supermodules which consists of supermodules M such that M = @xex(n) 
dimM A < oo for all A G X(n), and there are \W, . . . , AM £ X(n) such that for 
any /i € X(n), we have that ^ implies /i G W i=1 X(X^). This is analogous to 
the category considered in |32[ Section 2.3] for gl(m,n). Note that any module in 
O is locally finite over U-°(n). For any A G X(n), we have the Verma supermodule 

M{X) := U{n) ® v >o {n) u(A), 

where we have inflated u(A) from U°(n) to U-°(n). A standard argument yields: 

Lemma 1.3.4. Let X £ X{n). Then M{X) is an object in O, M{X) X = u(A), 
M(A) has simple head L(X), and M{X) is universal among all supermodules in 
O generated by a primitive U (n)- sub supermodule isomorphic to u(A). Finally, 
{L(X) | A G X(n)} is a complete and irredundant set of irreducible modules in O 
up to isomorphism. 

The category of integrable finite dimensional [/(n)-supermodules is a subcat- 
egory of the category O, and L(X) is finite dimensional if and only if A G X+(n). 
The contravariant duality t preserves the category O, and L(X) T = L(X) for all 
A G X(n). Moreover, let us consider u(A) as a C/^°(n)-module via inflation along 
the natural surjection U-°(n) —> U°(n). Then it is easy to see that 

(1.4) M(A)^coind^" ) (n) u(A), 

where coind^ V denotes the A- module Horns (^4, V) obtained from a f?-module V 
by coinduction from a subalgebra B C A. 

Lemma 1.3.5. For A,/i € X(n), we have Hom^( n ) (Af(A), M(/i) r ) = unless 
X = n, and Rom u(n) {M{X), M(X) T ) ^ End^o^^A)). 

Proof. Using (|1.4p . we get 

Rom u(n) {M(X), Af( M ) r ) = Hom [/ < 0( „ ) (Af(A),u( M )), 
which easily implies the result. □ 

Lemma 1.3.6. Let X G X{n) and W be an integrable finite dimensional U(n)- 
supermodule. Then the supermodule M(A) (8 W has a finite filtration with factors 
of the form M(X + //), where [i is a weight of W . 

Proof. It is easy to check that as usual we have 

M(X) ®W= (ind^W u(A)) ® W - md"^(u(X) ® reS,, W). 
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Now res^>o,» W has a finite filtration whose composition factors are of the form 
u(/i), where fi is a weight of W, and u(A) <X> u(/x) has a finite filtration all of whose 
factors are of the form u(A + fi). □ 

Corollary 1.3.7. Let A, \x 6 ^(^) <wid W &e an integrable finite dimensional U(n)- 
supermodule. Then Homj/( n )(M(A), L(fi) T §5 W 7 ) ^ implies \ = fi -\- i> for some 
weight vofW. 

Proof. We have 

Hom [/(n) (M(A),L( M ) T <8 W) C Hom u(n) (M(A), M(») r ® WO. 

and by dualizing in Lcmma fl.3.61 we conclude that M(//) T (g)Vl / has a finite filtration 
all of whose factors are of the form M(/i + v) T , where v is a weight of W. Now the 
result follows from Lemma ri.3.51 □ 



Denote 

T?0 77 , _ , . . , _ , 

i,i+l> i ' ^M+l. i,i ' i,j 



(1.5) 

Extending scalars from Z to F, we get the corresponding elements of E°, Ef, F°j, 
Fj-j, H°, of U(n). Moreover, it will be convenient to use the notation X := X° 
and X :— X 1 when the right hand sides make sense for the symbol X. Thus, for 
example, Hi — H° and E 2 = E\. 

Recalling the supercommutation notation (jl.2p , we can write the supercommu- 
tator of any two generators of XJtXji) and U(n), using the corresponding relation 
in the universal enveloping algebra Uc(n). The following relations will be used 
especially often: 

[Hf,H?] = (l-(-iye)Ht e ; 
Hf = H t ; 

[H?,Hf\ = (ijLj); 

(Hi ± Htf = (Hi + Hj) (ijtj); 

[Ef,Ft J ]^-(-l)^Ft+i J (j>i + l); 

[EUi F lj\ = F ?2-i (?>* + !); 

(1.6) = (k^i,j-l); 

[E!,F?]=Ht S -(-l) Se H%*; 
[H*,E* tj ] = E*+«; 
[H$,E?J = -(-l) s *E*+° i 
[Hf,Ff tj } = -(-l)^Flp; 
iHlFt^F^. 

[Hf,El j } = [H?,F? j ]=0; (k^i,j). 

Often we will only need to know commutation relations modulo ideals generated 
by certain elements of U%(n). Specifically, for S C [1, ft), let l£ denote the left ideal 
of Uz(n) generated by E s and E s , where seS. We will abbreviate Jj := ifn. For 

example the relation [E?,Hf] = -{-l) e5 E e + s above implies [E?,Hf] = (mod /*). 
We will use the following elements of U%(n) or U(n) for 1 < i,j < n: 

C(i,j) := Hi(Hi - 1) - HjiHj - 1), B(i,j) := H t (H z - 1) - (Hj + 1)H S . 
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Note that for any vector v of weight A we have 

C(i,j)v = (ReSpAi — Res p Xj)v, B(i,j)v — (Res p Ai — Res p (\j + l))v. 

Let k < n. We have natural inclusions U(k) c U(n) and U°(k) C U°(n), 
under which generators go to the generators with exactly the same names. Given 
a [/(n)-supermodule V and a weight /i G X(n), we can speak of [/(fc)-primitivc 
vectors of weight [i in V, i.e. vectors v G such that E^v — Eijv — for all 
1 < * < J < & and m > 0. One of the main goals of this paper is to understand 
U(n — l)-primitive vectors of weight A — a(i,ri) in the irreducible [/(n)-modulc 
L(X). These primitive vectors will be obtained by applying appropriate lowering 
operators to highest weight vectors. 

The proof of the following useful fact is standard: 

Proposition 1.3.8. Let X € X(n) and a € Q + (n). A vector v € L(A) A ~ Q is 
nonzero if and only if there exists some E G U + (n) a such that Ev ^= 0. 

Lemma 1.3.9. Let X G X(n), 1 ^ h < i < n, F e U{n)- a{h ^, andv be a U(n—1)- 
primitive vector of L(X) x ~ a ^ l,n \ Suppose that EfFv — for all I G [h..i — 1) and 
5 G {o, i} 7 and that E^ ■ ■ ■ e\ % ~\ Fv — for all 5h, ■ ■ ■ , G {o, i}. Then Fv is a 
U(n— I) -primitive vector. 

Proof. It suffices to prove that Ef_ x Fv = for any S. By Proposition ll.3.8l 
we must prove that PEf_ t Fv = for any product P of the elements E^ , . . . , E^Si 

and the elements E^ , . . . , E^S^ in an arbitrary order. The elements of the first 
group supercommute with the elements of the second group, so we can write P — 
±P'P", where P' is a product of the elements Ef*, . . . , E^~i and P" is a product 
of elements E S h h pfl 2 2 . Now P"Ef_ x F v = 0, except when P" = E S h h ■ ■ ■ E-K? ■ 
However, in this case P" Ef_ 1 F v = by assumption. □ 

Recall that our ground field F is algebraically closed and of characteristic dif- 
ferent from 2. Fix a square root G F. Let i G C be a primitive 4th root of 1, 
and Z[i] be the ring of Gaussian integers. We may extend the natural Z-action on 
F to a Z[i]-action such that i acts with multiplication by 

Let wo be the longest element of the symmetric group S n , i.e. w$i = n + 1 — i 
for all i — 1, . . . , n. It is now easy to check that there is an even automorphism a 
of Lie superalgebra q(n, C) such that 

(1.7) a : q(n,C) -+ q(n,C), X? d » -(i)®^X s woj>woi . 

The automorphism a restricts to the subset Z[i] • Uz{n) C Uc{n), which is isomor- 
phic as a Z[i]-algebra to the Z[i]-form Uz[i](n) = Ui(n) <g) Z[i] of Uc(n), and then 
extends to the automorphism of the hyperalgebra U(n) = Uz[i](n) <8> F: 

(1.8) a : U(n) U(n) 

Given a U (n)-supermodule M, we can twist it with the automorphism (ll.8[) to get 
the L T (n)-supermodule which we denote M a . If A = (Ai, . . . , A n ) G X(n) we set: 

—wqX := (— A n , — A n _i, . . . , — Ai). 

Using (|1.7|) . we deduce: 

Lemma 1.3.10. If X G X(n), then L(X) a ^ L(-w X) and M(X) rT = M(-w X). 
In particular (V*) a = V . 
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Lowering operators 



2.1. Definitions 

In this section, we define the lowering operators Sfj(M) e U^°(n), where 

• 1 ^ i < j < n; 

• e e {o,i}, 

• M is a signed (i..j]-set containing either j or j. 

These three assumptions are assumed to hold whenever we talk about lowering 
operators. We will also denote S itj (M) := Sfj(M) and Sij(M) := 5^-(M). The 
lowering operators are defined by induction on ht M as follows. First, we set 

(s-i) s? d m)=F&, 

(s-2) sf d ({j})= E ((-ir^(^r + (-ir +e ^) + (-i) 7£ 

1+cr=e i<k<j 

Now suppose that M is not equal to {]} or {j}. Then of course minM < j. 
There are four cases: 

Case 1: minM = z+l. In this case we set 

(S-3) 7+<T=£ 

+ ( _ ir ( 1+ ||Af||) 5 7. ( M \ {z+T}) tff). 

Case minM = i + 1. In this case we set 

Sij(M) = £ (-1)7(^+1^^,,-, ||) S 7 +i . (M( i+1 ..j]) 

(S-4) 7 +^=e 

+Sfj(M\{i+l})C(i,i+l). 
Case 3: min M = m > i + 1. In this case we set 

stA M )= £ (-i) 7(1+£+l|M<m - 3]ll) ^(W})^( M (-.,]) 

(S-5) 7+a=e 

Case ^: min M = m > i + 1. In this case we set 

^(M) = E (-l) 7(l+c+l|M(m " i]ll) ^({m})S-, J .(M (rn .. ; ,. ] ) 

(S-6) 7+o-=e 

+^-(M„ l _ 1 ) + S?j(M \ {to}) C(to-1,to). 

The following result can be easily proved by induction on ht M. 

Proposition 2.1.1. Sfj(M) is a degree e homogeneous integral polynomial in 
terms of the form and , where i < k < I < j and i ^ t ^ j — ®jeM- 

9 
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Corollary 2.1.2. Hf supercommutes with Sfj(M) if I < i or I > j. 

Corollary 2.1.3. Ef supercommutes with Sfj(M) if I < i, or I > j, or I — j and 

M contains j. 

2.2. Properties of S^({j}) and S^({j}) 

These operators are defined explicitly by (|S-1|) and (|S-2|) . We study their 
properties first, before using induction to investigate general lowering operators. 
The main issue is to establish commutation formulas with various -E's and H's. We 
will repeatedly use the commutation formulas (|1.6[) . 

Lemma 2.2.1. We have [E^Sfj ({j})} = E T+ff=£+(5 (-l) 1+(5+7)£ ''^Ef . 

Proof. The only generator appearing in the right hand side of (|S-2I) that does 
not supercommute with Ej is H° . So [Ej,S?j {{j})] equals 

E (-i)^(-i) 7ff+e (-i) 57 [4>^/] 

-y+a=E 

= E (-l) CT ^(-l) 7<T+e (-l)' 57 (-(-l) 5<T )^ +<T 

It remains to apply the substitution a := 5 + a and simplify the sign. □ 

Lemma 2.2.2. We have 

(i) EfSf d ({j}) = (mod If)ifi + 1< j; 

(ii) EfSl i+1 ({i+l}) = ® s = s B(i,i+l) (mod 7^). 
(hi) EfSf d ({j}) = (mod /+) if I ? i,j - 1; 

(iv) Ej^SfjM}) = ST+fittj-1}) (mod tfi + K j: 

Proof. We write "=" for "= (mod /)" for an appropriate ideal J, which is 
clear from the context. 
© By (|g^2j) . we get 

f+a=e 

~f+a=£ i+Kk<j ■y+a=e 

= - E ((-i) CT+<5(7+<y) ^;+i, J (i?r + (-i)^ +<? ) iT +^ +5 ^+' T i^/) 

7+er— 

+ (-l) (7+5)£+5(7+5) E - (-l) (7+5)£ (^7 - {~l) 5{l+S) Hl +l )F^ 

i+l<k<j 

Here we have applied the substitution 7 := 7 + <5. Now, the last summand equals 

— (— 1 )(7+<5)e+7<r_pr^ .^7 _ (— 1 ) 5 (7+<5) //7 +i ) _ ^_]\(7+*)e+*(7+*)+7 CT ^7+ <7 ._ 

By considering the cases e + S = o and £ + 8=1 separately, we observe that the 
signs match in such a way that 

(_;g(7+<5)e+5(7+a)+7<7j^7+CT _ q 

^ + (7—6 + 5 



2.2. PROPERTIES OF Sf tj ({j}) AND S? >} ({j}) 
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Next, swapping 7 and a we obtain 

j2 (-i) ( ^ )e+ ^fr +1J (#7 - (-i^+^+i) 

7+cr— £+5 

Thus, modulo the expression EfS^dj}) is equal to 

-y+<j=e+S 

+ ( _l)(7+*)e+*(7+*) £ i& 1)fc F& - (-l)^ + ^ 7 +lj (fff - (-l)^ 5 ^)). 
i+l<fc<j 

The first and the third terms inside the summation give 

and the result follows by comparing the signs with (|S-2[) . 
(fu)) By definitions, we get using commutation relations 

£^ +1 ({m})= e c-ir(^-(-i)^H^)(Hf+(-ir^+' J Hf +1 ) 

7+cr=e 

= e (-i) CT (^ +7 J ffr + (-i) 7CT+7+ff ^ +7 -ffr+i 

7+cr=e 

= H s + e H t + (-iyH^H. l+1 - (-l) 5s HiH^ - (-l) 5s+s H^H i+1 - H^ +1 H t 

Considering separately the cases S — e and 6 = e + 1, we obtain the required result. 

|m| It suffices to consider the case i < I < j — 1. Note that Ef supercommutcs 
with F^j as well as with F^ k for k 7^ I + 1 and with Fj*j for k ^ I. Hence 

EfSf tj ({j})= J2 {-^V e+Sl Fli ES i F i-j+ E (-^^iKl+i^+U 

= - E (-i) 7e+ ^W+"ft + E (-^Fu^i+lj 

7+cr— £ 7+cr— £ 

= E (-ir + ^' + ^ 7 f£ u + e (-i) (7 ' +5)e F 7 >- +1 , J = o. 

7+er'=e+<5 7'+cr— e+5 

Here we applied the substitutions a' := a + 8 and 7' := 7 + <5. 

(fry)) Using commutation relations, we can write Ej_ 1 S? modulo Ij-i as 

E ((-i)^+ 7 1 (ffr+(-i) 7ff+e i?/)+(-ir E+57 e F lk E !-i F ij 

7+o"=e i<k<j 

- E ((-i)^7- 7 i(^r + (-i) 7ff+e ^) + (-i) 7£+57 E ^#-1 

7+cr=e i<k<j — 1 
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= ((-i) ct ^-i(^ + (-i) (7+5)<t+7+,5+<t ^/) 

7+tr— e+<5 

+ (_!)7e+57 ^ ^ 7 fc F feVl + (- 1 ) 7£+57 ^-l(^/-l-(- 1 ) 5(CT+5)i/ / 
i<fc<j-l 

where we have applied the substitutions 7 := 7 + 15 in the first term and a := a + 5 
for the second and the third terms. It is easy to see that the last expression equals 
S?£i({j-1}). □ 

Lemma 2.2.3. We have 

(i) //;.>•,.,,:{.,!.. = 

(ii) [iJf,5f J ({j})]=0*/^z,j. 
(hi) [ff|,^({j})]=Sf+ 5 ({i}). 

PROOF. © As [iff , ifj] = and [iff, F%J = for k > i, we have by Leibnitz 
rule that [iff, Sfjdj})] equals 

£ ((-iy[Hf, f^.](iff + {-l)^Hf) + (-ly+^F^Hf, iff] 

~t+<y=e 

i<k<j 

Now substitute ~(-l) 5 ~ ( F? +S for [Hf,F?,], -(-1) 5 ~ ( F?+ S for [iff,-^], and (1 - 

(-l) s ' T )Hf +a for [Hf,H[], and simplify. 

Ju} and |m|) are proved similarly. □ 

The analogues of Lemmas l2.2.2l and l2.2.3l for Sij-({j}) are much easier to prove, 
so we just record those omitting the proofs. 

Lemma 2.2.4. We have 

(i) EfS^m^-iy+^S^m) (mod/+) ifi + Kj; 

(ii) E!Sl i+1 ({i+l}) = HS+ s -(-l) 5e H*+l (mod If). 
(hi) E?Sf tj ({j}) = (mod i+) jfljt i,j - 1; 

(iv) E^S? .({j}) = (mod i/_ x ) i/i + 1< j; 

Lemma 2.2.5. We have 

(i) [ffM&({J})] = (-l) 1+fc 5i^({j». 

(ii) [fff,S^({j})] = (H/Z^i,j. 

(iii) [^,%({j»] = 5 i e + a ({j». 

2.3. Supercommutator [if|, ^-(M)] 

Lemma 2.3.1. FFe /iai>e 

(i) [Hf,Sf tj (M)] = (-ly+t^+i+WMSffiM); 

(ii) [fff,^(M)]=0 

(iii) [Hl ) S? j (M)]=S& s (M) 

Proof. We apply induction on ht M. The cases M = {j} and M — {]} come 
from Lemmas l2.2.3l and l2.2.5l We assume now that M is distinct from {j} and {j}. 
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(0) Case 1: i + 1 G M. By (|S-3|) . Lemma [2.2.5lj i)). the inductive hypothesis and 
Corollary HX1 we get that [Hf, Sf^M)] equals 

E ((-i) 7(1+e+l|M — timWZu (A%:i..i;) 

7+cr=e 

+( _ 1) ^+I|M||) [ ^ ) ^ ( M \ (^+T}) ]jfff 
+ ( _ ir ( 1+ ||M||)+i 75 ^ ( M \ {J+i}) £Tf]) 

= E ({<+!}) (M (i+1 j]) 

1+cr=e 

+ (_l^(i+l|A/||)+i+5(7+i+l|Af\{i+T}||) S -5+7 {« + !}) H? 

+( _ 1)CT ( 1+ iimii) +575 7. ( M \ {m}) (i - (-i) s °)Ht a ) 
= ^ (_i)(^)(^ii^i..iiy)+ 1 +*C7+*)^ i ( { i+T }) ( ^ (m ^) 

7+cr— £+(5 

+ E (-l) ff(l+l|M|l)+1+ " (7+ " +l|M|l) 5^. (M \ {m}) Hf 
+ E (-1) (CT+ * )(1+I|M|I)+ * 7 S^ (M \ {i+T}) (1 - {-l) s ^)H?, 

7+cr— £+5 

which is easily checked to equal to (-l) 1+6 ( e+1 +ll M ll)S^t 5 (M). 

Case 2: i+l <E M. By (|S-4|) . and Lemma 12X31 01) . the inductive hypothesis 
and Corollary [2X21 we get that [Hf , S? 5 (M)\ equals 

E (-ir (l+e+ll ^ +i -> ll) [Hf,sy i+1 ({<+i})] (a^+i..,]) 

7+cr=e 

+ [fl?,S&(Af\{i+l})] <7(i,i+l) 

= E (-ir (i+e+l|M <— ({i+iws^j (a% .,..£) 

7+<T =s 

+ (_ 1 ) 1 +«( £ +i+||M (i+1 .. J] ||) 5 .«+«( M 

= E (-l)^( 1+£+ " M < I+1 .,]ID+^(^)^ +1 ({i+1})^ (M( i+1 j]) 

7+cr— £+5 

+ (_l)i+*(=+i+ll«ll)5 i ^(M\{*+l})C(t,i+l), 

which is easily checked to equal to (-l) 1 + 5 ( e + 1 +H M ll)S'^t 5 (M). 

Case 3: i + 1 < minM = m < j. By (|S-5j) . Lemma the inductive 

hypothesis and Corollary EH [iff , Sf d (M)] equals 

E (-l) 7(l+E+l|M(m ({m})]S^ (M {m .. 3] ) + [Hf,S^ (M-^)] 

= E (-i) 7(1+£+l|M(m - jlll)+1+57 ^({^})^ J (M (m ..^ 

7+cr=e 

+ ( _ 1)1+4(e+ x + ||M SI ^||) 5 ^ (M-^_) 

= ^ (-l)^)(^+l|M (m ..,ll) + x +<5 ( 7+(5 ) 5 7 m(W) ^. (M(m . ]} 

-y-f-CT— £ + 5 



E (-l) 7(l+£+l|M < , jlll) ([^,^({minM})]^. (M (M ) 
+(-l)^S? l ({mmM})[Hf, (M (M )] 
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+ ( _ 1)1+ ^ +1+ ||M||) Si! +* ( M _^_) , 

which is easily checked to equal to (-1) X+5 ( S+:L+ \\ M ^ S^f 5 {M). 

Case 4: i + 1 < min M = m < j. This case is similar to Case 2. 

([Ii]) If / 7^ minM then the required formula follows immediately from (|S-3[) - 
(IS-6() . parts (ii) of Lemmas 12.2.31 and 12.2.51 and the inductive hypothesis. So let 
I ~ minM. By (|S-3|) (|S-6|) . the inductive hypothesis, and parts (iii) of Lem- 
mas ^. 2. 3l 12.2.51 the supercommutator [Hf, Sfj(M)] equals 



7+ir=e 



7+cr=£ 

+ (-l) 5 7+i+5(a+ 1 +||M (i .. 3 . I ||) 5 7(| minM }) 5 a+5 ( M(M ) 

= E (-l)^"( 1+£+ « M <''^%J({mmI})S^ (M (M ) 

7'+cr— £+i5 

+ E (-l) 7(l + £+l|M(! - lll)+57+1 + 5(ff,+ ^^ ( M {l:j]) ■ 

7+<t'— e+<5 

Here, as usual, we have applied the substitutions 7' = 7 + <5 and <r' = cr + S. The 
last expression is now easily checked to be zero. 

(fill]) is similar to (P but much easier, so we skip the details. □ 

2.4. Supercommutator [E$, S^(M)} 

By Corollary |2~TU1 [E%, Sf^M)} = if j G M. So we just need to compute the 
supercommutator in the case where j G M. 

Lemma 2.4.1. Let j G M. Then 

[E s j ,Sf J (M)]= E (-l) 1+(5+7)s ^(M^-)I?/. 

7+cr— e+<5 

Proof. We apply induction on htM. The base case M — {j} follows from 
Lemma \2. 2. II Denote L := Mj^j. 

Case 1: minM = i + 1. By (|S-3jl and the inductive hypothesis, [Ej, S^(M)] 
equals 



E ((-l)" (l+£+l|M <— > ll)+ ^ + i ({i+l}) [EftSfaj (M (l+1 .,j)] 

p+7r=e 

+(-i) 7r(i+||M||) [s/,^. (m\ {i+T})]^r) 

= E (-l) p(l+£+l|M( — lll)+5p ^ + i({^+T}) E (-^^^W^+W])^ 

p+TT = S £+CT=7r+(5 

+ £ (_ ir (x + ||M||) £ (-1)^+0^ (L^i+I})^ 
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+ E (-ir {l+mn+1+{s+c){n+e))+an S^ (L \ {7+1}) H?Ef. 

Substitute 7 = p + £ in the first sum and 7 = £ + 7r in the second sum to get 
2 (-l)"^^. ({i+T}) 

7+f=e+(5 P+£=7 

+ E (-ir (l+l|£|l) ^.(L\{i+T})fl7]£?/= E 
Case 2: miniV — i + 1. This case is similar to Case 1. 

Case 3: i + 1 < min N — in. This case is similar to Case 4 which we now do in 
detail. 

Case 4 : i + 1 < rniniV = m. By (IS-6[) and the inductive hypothesis, we have 
that [Ej, Sf t j(M)] equals 

E (-l) p(l+£+l|M <— ^ +5p S^ m ({m})[E s 3 ,S^ j (M (m .. 3] )] 

P+tt=c 

+ S'y(^ Hm _ 1 )j + S^(M \ {m})]C(m - 1, m) 

P+7T=£ £ + £r=7T + (5 

+ E (-i) 1+(i+7)E ^.(i^ m -i)£; 

7+cr— e+8 

+ E (-l) 1+(5+7)£ ^-(i\{^})^C(m-l,m) 

7+cr— e+8 

= E (-l)^ 1+e+ ll M ^-^l) + ^ +1+ ( 5+5 )^)^({m})^ d (L ( „,,]) EJ 

+ E (-i) i+(5+7)e ^-(i™-i)^ 

7+cr— e+8 

+ E (-l) 1+(ff+ ^ )e S^(i\{m})C7(m-l,m)£?f. 

7+cr— e+S 

Introducing the new parameter 7 = p + £ in first sum, we get 

£ ( _ 1)1+ (* + 7) £ [ 2 (-l)^ + ll^-- ] ll)5^({m})54 J .(L (ro .,. ] ) 

7+<t=e+5 p+C=7 

+S£ (£ m ^ m -i) + S£ (L \ {m}) C(m-1, m)] ^, 

which is E 7+ „ e+ i(-l) 1+(i+7)e ^(I) £/■ □ 

2.5. More on EfSf^M) 
First we consider the case 2 = i: 

Lemma 2.5.1. Let i < j — 1. Modulo if" , we have 

(i) // * + 1 G M ften EfSf^M) = ; 

(ii) Ifl+l G M i/ien 

E$S? S (M) = E (-l) (£+7)(l+l|M|l)+1+5e ^ + i J (M\{m})i/ l+1 ; 

7 + cr — £ + 5 



1(5 



2. LOWERING OPERATORS 



(iii) Ifi + l,i + l£M then EfS^(M) = (-l) 1 + 5 ( £ + 1 +H M ll)^ e +^(M). 

Proof. We apply induction on htM. The base cases M = {j} and M = {j} 
follow from Lemmas 12.2.21 and 12.2.41 Let M be distinct from {j} and {j}. 



Case 1: ill £ M. By (fg^Sj) . Lemma CEOD© , Corollary EE3 part | (iii) | of 
the inductive hypothesis and Lcmma r2.3.1t^ .(jil]). we get 

1+cr=e 

+ E (-i) CT(1+l|M|l)+1+5(7+1+PA{ ^ }ll) ^ +5 (M\{m})fff 

7+er=e 

= E (-l) 7(l+e+l|M (*+ 1 -'l |l)+<7(7+5) ^ 1J (M (i+1 .. J - ] ) (H7+ 5 - (-1) S ^H?+ 1 5 ) 

y (_ip(i+e+l|M (i+1 .. i] t|)+<5 7 +(7+5)( CT +i+||M (i + 1 .. J - ] ||)^<T+7+'5 j]) 

V (-i) CT ( 1 +ll M H)+ :L +' 5 (7+ 1 +ll M \{ I + T }ll) s?f 5 (M \ {«+T}) 

7+<T=e 



7+cr=e 

7+0 



Considering separately the cases 7 = 0, <r = e and 7 = 1, <r = e + 1, we see that the 
middle sum is zero. Noting that M\ = Mr i+1 .A and ||M( i+1 = ||A/| +1 

and using the new parameters 7' := a, a' :— 7 + S in the first sum and 7' := 7 + 5, 
a' := a in the last sum, we get 

■y' -\-cr' =6+5 

+ E (-i) ff,(1+l|M|l)+1+5(7 ' +5+l|M|l) 5^ (m \ {m}) iff'. 

7'+cr'— e+<5 



which gives the required formula (ii) 



Case g; i + 1 € M . By (|S-4j) . Lemma l2~2T2l[ii]l and part (iii) of the inductive 
hypothesis, we get 

7+cr=e 

+ (_i)^(^+ll*A{ l +i}ll)^+^( A/ ^| i+1})c ^^ +1) 

+ ^-i^^+^m{i+m)sf+^M\{i+l})C(i,i+l). 
The last expression is zero, as M(i+i..j] = M \ {«+!} and S.^ ■ has 



weight — a(z + 1, j). This proves (i) 
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Case 3: i+2 = minM < j. By (|S-5I) . parts (iii) and (ii) of the inductive 
hypothesis and (IS-3|) . we get 

EfS? :j (M) = (-l)^ (l+e+l|M <— > ll)+1+A " 7 ^ +2 ({^+2}) Sf +2>j (M( i+2 ..j]) 

j+a=e 

+ (-1) ( ^ )(i+I|M ^^ II)+1+5£ ^ +1j (A/^7Tt\{^})^ +1 

7+ct— e+5 

= ^ ( _ 1) (y +5 )(e + l|M||) +1+5(7 ' + ,)^ M+2 {M(i+2 j]) 

+ E (-i) (£+7)(i+i|m|I)+i+a> ^ 7 +1j (m\{*+2})^+i 

7 + (T — £+(5 

= (- 1)^(^+11^11) s°+' d (M) , 

as required. 

Case ^: i+2 < rh — minAf < j. By (|S-5|) and part (iii) of the inductive 
hypothesis, we have 

b?s^(m)= 53 (-ir (1+£+l|M(m - 3]ll)+1+57 ^ + tfm({^})^( M (---i]) 

+ ( _ 1)1+5(e+1+ ||M M ||)^ (M _^_) 

7' + (T— £+(5 

(M_^_) = (-l)^+i+ll^)^.(M), 

as required. 

Case 5: i+2 = minM < j. This case is similar to Case 3. 

Case 6: i + 2 < m — min M < j. This case is similar to Case 4. □ 

Now we consider EfSf ^M) for i < I < j — 1: 

Lemma 2.5.2. Lei i < Z < j — 1. Modulo I ; + , we /lave: 

(i) //M does not contain I, T or if M contains I + 1, Z/ien Ef Sf j(M) = 0; 

(ii) //M contains either I or I, and M does not contain Z+l, Z+l, then 

EfSf^M) = E (-l) 1+( '^ X ^ 1+l|M(,+1 - Jlll) ^/(^(i..q)^u(^(m..il)i 

-f+a—e+S 

(iii) //A/ contains either I or I and M contains then 

7+cr+T— €+5 

Proof. Induction on ht M. The base cases M = {j} and M — {j} follow from 
Lemmas 12.2.21 and 12.2.41 Let M be distinct from {j} and {j}. 

We are going consider all possible combinations of the following cases: 

I. i+l £ M. a. I < minM - 1. 

II. i + le M. b. I ~ min M — 1. 

III. i + 1 < fh = min M. c. I ~ minM. 

IV. i + 1 < ra = minM. d. Z > minM. 

as well as the cases 



18 



2. LOWERING OPERATORS 



(i) M does not contain 1,1 or M contains 1+1; 

(ii) M contains either I or I, and M does not contain l+l and l+l', 

(iii) M contains either I or I, and M contains l+l; 

which correspond to (i),(ii),(iii) in the assumptions of the lemma. Of course, not 
all possible combinations of these cases can happen. The following picture will help 
the reader to see which cases are possible and navigate the proof. 



(i) (ii) (Hi) (i) (ii)(iii) (i) (ii)(iii) (i) (ii)(iii) (i) (i) (i) (ii)(iii) (i) (ii)(iii) (i) (i) (i) (ii)(iii) (i) (ii)(iii) 




Case Ic(i). Note that in this case we must have l + l = i + 2 6 M. Then 
EfS^(M) = by (|S^3| . Corollary [2TT31 and part (Q) of the inductive hypothesis. 

Case Ic(ii). By (IS-3|) . part Q of the inductive hypothesis and Lemma f2 . 5 . l|(iii) [ 

EfSfjiM) = ]T (-lr^+^w-^MS^ ({1+1}) E* +1 S i+hj (M (4+ i..,]) 

, £ (_l)-V(^l|M|l) + ^ +5 (. +1+ l|M (j+ ,, 1 ||) 5 7 +i gfi* (M(i+i , ]} . 

1+cr=e 

Applying the substitution a' := a + 5, we obtain the desired formula (jIT|. 

Case Ic(iii). By (|S-3[) . part Q of the inductive hypothesis and Lemma l2.5.l|| , ii)[ 

EfSt 3 (M) = J2 (-l)^ 1+s +H M ^^'lll) + ^ +1 ({J+T})Ef +1 Sf +hj (M (i+1 ..,.]) 

~i + p=E 

7+p=e 

x £ (-i)(^)(-+ll« (i+1 .,' 1 ll)+^P S - 2j . (M (i+W] \ {z+2}) if,; 2 

cr+T— p+(5 

= (_l)7(i+e+l|Af (4+1 ..j ] ||)+5 7 +(T+<5)(i+||M (4+1 .. ;f] \\)+ 1+ S(a+r+S) 

7+cr+T=e+5 

x^+i ({?+!}) ^ 2)j (M(i + 2..jj) ^ r +2 , 

which the desired formula (fiTT)) . 

Case Id(i): Note that M( i+1 .^-i = M\ {i+l} does not contain 1,1 ii 1,1 ^ M, 
and M (i+1 ..^ = M\{i+T} contains Z + 1 if 1+ 1 G M. Now EfS?j(M) = by (jS^3|) 
and part (JTJ) of the inductive hypothesis. 

Case Id(ii). By (|S-3|) and part ((TTJ) of the inductive hypothesis, we obtain 

EfStJM) = ]T (-lJ^+U^i-iilD+'P^! ({i+l}) £7*^ (M (J+1 .. J] ) 

P+C=e 



2.5. MORE ON Ef Sf j(M) 
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+ (-1)^ + II M ID^.(M\ {*+!}) Hf 

w+f=e 

= (_ 1 )P(i+£+l|A^( I + i.. 3 ]ll)+'5p > 5'P i+i ({z+I}) E (_l) 1 +(' 5 +«)(C+i+l|A^(( + i.. 3 ]ll) 

+ y^ (-i)«( i+ ii m id V (_ 1 )i+(-5+p)(^+i+ii(AA{»+T})( i+ i. id 

7T+€ — £ p+O" — 7T + {5 

xS? J ((Jl^{5^)( < ..j])^ w ((M\{i+I})) (J+1 .. i] )^f 

= (_l)P(i+e+l|Af (4+1 ..^ \\)+Sp+x+(6+^+a+5+x+\\M G+1 .. i] ||) 



x^+i sl u (M (l+1 . A] )sr +1 A M (i + ^]) 

y^ (-i)«( i +ii M ii)+ i +( ,5 +p)(p+' j +' 5 + i +ii M <i+i..j] id 



P+5+^=£+a 



x^ ; (M (i ..q\{i+l})5f +1J (M (i+1 .. i] )ff« 



= I (_l)p(i+e+l|M( i+1 .. 3] ||)+«p+i+(5+$)(£+ff+5+i+||M (!+1 .. i] ||) 

x^+i ({*+!}) 

= (_l)i+(<5+7)(£+i+p/ (i + i.. j] ||) (_X)P(i+7+l|M (i+1 .. i] ||) 

7+cr=£+5 Lp+£=7 

x^ + i({i+T})^ 1); (M (i+1 ..q) 
+ E (-l) €(x+ll " w " ,]ll) ^ I (M (i .. J] \{i+i>)fl< ^.^w..!). 

P+£=7 

By (|S-3[) . the expression in the big square brackets equals S^M^n). This gives 
the desired formula (pi)) . 

Case Id(iii). By (IS^3l) . we get for EfS^M): 

E (-i)" (l+E+l|M ^- ({m}) (M( i+1 ..j]) 



P+C=£ 



Applying part (jiiT)) of the inductive hypothesis, we get 

£ ( _ 1) p(x+e+||M (i+ ,,- ] ||)+^ 5 p +i 

^ ( _i ) x+(* + OC+(C+-)ll^ 1 .. J] || S i_ i>j (M( i+1 ..i]) (M (I+W| ) 

C+<r+r=C+<5 
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_|_ ^ (_l)£(i+l|.M1|) ^ ^_iy+(S+p)7r+(7T+a)\\(M\{t+l}) il + 1 ._ : , ] \\ 

£ /9+£T + T — 7T-\-5 

xSf A ((M\{z+T}) (l .,j) S? +1<j ((M\{T+1}) {1+1 .. 3] ) HJ +1 Hl 

= ^ (-l)P( 1 + e +ll M (i+i-j] ll)+*H-i+(*+C)(£+<r+r+«)+(£+T+ l y)||M ( , + i.. J ] || 

P+£+ct+t=£+<5 

+ (_l)£(i+l|M||)+x+(«+p)(p+ CT +r+5)+(p+T+5)||M (i+1 .. i) || 
P+£+ct+t=£+(5 

= ^ /"(_ 1 )Ki+e+l|M (l + 1 .. 3 ^|)+V+i+('5+?)(?+'T+r+5) + (?+r+5)||Af (1 + 1 .. 3] || 

7+<r+T=e+6 p+£=7 

({^+1}) ^/ + u (^<i+m) AT+i 

+ (_ l\ii^\M\\)+i+(6+p)(p+<T+T+6) + (p+T+S)\\M ll+1 .. j] \\+^(a+T) 

xSf.1 ( M d-l] \ + & + r)) HtS? +ljj (M( /+1 _,-]) 

= ^ (_l)i+(«+7)e+(e+<r)||M (1+1 .. i) || 
7+cr+r— 



E (- 1 ) Kl+7+l|M(i+1 - !lll) ^ + i({^T})^ + i,/^(i + i../]) 



■P+?=7 



+ E (-l) e(l+l|M(i - ,lll) ^(M (i . J] \{i+T})^ 

P+4=7 



S'j+u (M (i+1 .. j] ) H{ +1 . 



By (IS-3|) . the expression in the big square brackets equals S^M^n). This gives 
the desired formula (jml) . 

Case Ilc(i) is similar to case Ic(i). 

Case Ilc(ii). By (|S-4|1 . part (P of the inductive hypothesis and Lemmas 12.2.11 
and !2.5.l|trii)| we obtain 

EfSl j (M)= (-iy (l+s+llM ^ « ll)+ *' r ^ 1 ({i+l})£f54 lii (M (i+1 .. ;fl ) 

7+cr=e 

+ e (- l ) 7(1+E+l|M(i+i - flll) E (-ir+^^Zfi^ (M (i+1 ..^) 

7+o-=e p+T=7+(5 

= E(-l) 7(l+e+l|M(l+1 - 3lll)+57+1+5(cr+1+l|M(l+1 - 3]ll) ^ + i (Af (i+ i..i]) 

7+cr=£ 

+ V" (_l)7(i+e+l|M (<+1 .. j] ||) 
7+cr=e 

x £ (_i) i +(^)7+^( CT+1+ ||M (i+ ,., ] ||)^.^ +iiS4i) . ( M(i+1 .. j] ) 

p+r=7+i 

= ^ (-l)T( 1+e +H jl/ (»+i-i]ll)+^+ 1 +' 5 (' T '+' 5 + 1 +ll M ('+i--3]ll) 
7+cr'— £+5 



2.5. MORE ON EfS? tj (M) 21 

xSft+i ({*+!}) s£ 2J (M^+x..,-]) 

_|_ '^2(_iyp+T+S)(i+e+\\M\\) + i+(8+p)(p+T+5) + i+T(o-+i+\\M\\)pP ga+r ,(M( i+1 fl). 
p+T+a=e+8 

The last summand is easily checked to equal zero, while the first summand yields 
the required formula (|u"jl. 

Case Ilc(iii). By (|S-4j) . part (0) of the inductive hypothesis and Lemmas 12.2.11 
and l2.2.2"t Hl). we obtain 

EfSf tj {M) = (-l) 7(l+£+l|M<I+1 - 3]ll)+57 ^ + i({*+l}Xi^ P +lj (M (i+ i..,]) 

1+p=e 

+ £ (-i)^+n^ +1 .,, id 2 (-i) i+(4+c) ^ i+ AiS4io 

= E (-l) 7(l+£+P/(l+1 - lll)+57 ^ +1 ({*+!}) 

7+p=e 

a-\-r—p-\-8 

+ (-i)-'( i + £ +ii M (.+i- J ]ii) (-i) 1+(,5+c)7 ^ c l+ i 

x £ (-l)^ )(l+ll ^--« ll)+1 ^5^ aj .(M (m ^\{i^)^ a 

£+7r=p+r 

= (_l)7(i+e+||M (<+1 .. i] ||)+«7+(tr+r+5+<T)(i+||M (4+ i.. ifI ||) 
7+cr+r— e+(5 

x(_l)^(-+^)^ +1 ({i+1}) S^M^.j] \ {*+2})^ r +2 

+ E (_l)^( 1 + £ +ll M (>+i- J ]ID V" (_ 1 )i+('5+C)7+(p+«)U+p/ (l+1 .. j] ||) 

x( _i) 1 +(C+-+p)p^ +1 5« +2j (M (l+1 .. j] \ {i+2})H? +2 . 

The last summand contains two independent summations. Swapping them, we 
easily check that this summand equals zero. The first summand is easily checked 
to give the required formula (ii). 

Cases Hd are similar to the corresponding cases Id. 

Case IIIa(i). By (IS-5[) . Lcmma r2.2.4tlm|) and part (Q) of the inductive hypoth- 
esis, we get EfS^(M) = 0. 

Case IIIb(i). By (|S-5|) . Lemma f2T2.4t|iv[) and part (JuJ of the inductive hy- 
pothesis, we get 

EfSfjM = (-l) 7(l+£+l|M( - ,ll) ^ 1 ({^T}) (M (m .,-]) 

7+cr=£ 

+ ^ (-l) 1+ (*+^( e+1+ ll(- M 'm^^=T)(m..JllD 

7+<r=e+i 

x ^i,m- 1 ( (-^mi-nn - 1 ) (i. . m - 1] ) &m ,j ( (-^mi-m - 1 ) (m. .j] ) 

Applying the substitution 7 := 7 + 5 in the first sum, and taking into account that 
(M-^^rr)^..^ = M (m .. i] and (Af— h+ls=I ) ( j.. m _ 1] = {m-l}, it is easy to see that 
the last expression is zero. 
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Case IIIc(i). In this case we must have m+1 £ M . Note that l + l £ M^ h _ > w _ 1 . 
So EfSi E tj (M) ee by (IS^5l) . Corollary [2X3 Lemma ESD^] and P art © of the 
inductive hypothesis. 

Case Illc(ii). By the formula (IS-5p . part f[]) of the inductive hypothesis, and 
Lemma l23T|nii)[ we get that Ef Sf ^M) is ee to 

£ ( _l ) -r(x- + *^HAf t „.. j(] |l)+*-r+-+*C-+x+|i J wr tra .^ ({m>) fir^^ (Af (TO „^) 

7+cr=e 

= (•_ 1 ^7(i+s+||M (m+1 .. j] ||)+5 7 +i+5( CT '+5+i+||Af( m+1 .. ;f] ||) 
■y+a'—e+S 

xS i!m ({"*}) S m+l,j (M( m +l..j]) , 



which yields the required formula ([H|). 

Case Illc(iii). We have by (|S-5[) . part fl| of the inductive hypothesis, and 



Lemma [g3jh)1 that EfSfAM) is ee to 



E (-l) 7(l+£+l|M< — ll)+57 ^({m}) 

7+p=£ 

x ^ (-i) ( ^ )(i+l|M <--> ll)+i+ ^^ +1J (A/ (m ..^{ra}) J ff r ; +1 

er + T=p+(5 

_ V" (_l)7(i+E+l|M (m .. ;l] ||)+57+(r+5)(i+||M (m .. j] ||)+i+«(er+T+5) 
7+cr+r=e+(5 

x^ +1 ({m}) (M (m+1 .. j] ) 

which yields the required formula (|m)) . 

Case IIId(i). Note that Z and I do not belong to the sets Mr m „j] and M—^^zr[ 
if Z , / £ M and Z + 1 belongs to these sets if Z+l £ M. Then Ef Sfj (M) ee by (BEg) 
and part (0) of the inductive hypothesis. 

Case Illd(ii). By (|S-5[) and part (JuJ) of the inductive hypothesis, we get 

^X-(M)EE E (-l) Kl+£+l|M(m ^ ll)+ ^^({^})^<i(^(m..i]) 

+ V" (_l) 1 +( ,5 +T)(£+i+ll(M-^— ) (i + i..j]||) 
7+c— e-\-8 

xS ll(( M m^7^)(i..l]) S l + lj(( M m^7K=l)(l+l..j]) 

= E (-l)" (l+£+l|M( "- ltl)+ ^^({m}) 

P+C=e 

£+<x=C+<5 

7+cr— £+<5 
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Introducing 7 := p + £ and rearranging the first summand as in case I.d.(ii), we get 



y^(_l)i+(«+7)(e+i+l|Af(i+i..3lll) 
y+cr=e+S 



^(-l)^^+H^-« 1 ll)^ m ({m})^(M (m . J] ) 

_p+£=7 



+ ^((M (l .. i] )-^ I ) 



5 'j+l,j( Af (2+l..j]) 



By (|S-5p . the expression in the big square brackets equals S^M^.jj). 

Case Illd(iii) By (|S-5|) and part (Jm]) of the inductive hypothesis, we get 

EfSf^M) = £ (-1) P < 1+S+ " M ^ ll)+5 ^ m ({m}) B'S^ (M( m ..j]) 

P+C=e 

+ V" (_l)i+(<5+7)£+(£+ff)ll(Af- rt 7^r)(! + i.-j]ll 
7+cr+r=£+(5 

x5 U ((^mi->-iT=l) (*••*]) ((^mi-HS=lWw]) #Z+1 

= £ (-l)* +£+ " M - ll)+ ^ m ({m}) 
x £ (M (m .,j) (M( /+1 j]) flfc 

+ £ (-1)^(^)^(^)11^'— lll^ ((A^.,,)-^— ) Sl ° +1>j (M (;+1 .,j) 

7+cr+T— e+<5 

Introducing 7 := p + £ and rearranging the first summand as in I.d.(iii), we get 



y^(_l)l+(«+7)e+(e+^ll^(l+l..i]ll 
7+cr+r— e+<5 



^ ( _ 1) p(x + 7 + iiM (m ., ] ii)^ ({Tfl})5 e^ (M(mj]) 

■P+?=7 



+^(( m (m)^— ) 



By (|S-5p . the expression in the big square brackets equals S^Mun). 
Case IV is similar to cases II and III. 



□ 



2.6. Some coefficients 

By Proposition 1 1 . 2 . ll any element F 6 f/^°(n) _Q ( lJ ) can be written as a sum 
of the following elements: 



p £ o psi ,,. pen rr£o,---,Em 
i,ai fli,a2 a m ,j ai , . . .,a m ,_7 ' 



(2.7) 

where H t ^' s ™ m j € £ o, • • • , £ m G {o, i}, and i < a x < ■ • • < a m < j. We 

set cf^-(F) := if.*., the "J7°(n)-coefhcient" of i^. 

Lemma 2.6.1. Lei M be a signed (i..j]-set all elements of which are even except 
3, ands,6e{o,i}. Then tf £ . (M)) = © e=5 YlteM\m C(M)- 



PROOF. We apply induction on ht M. If M = {j} the result is clear by (|S-1[) . 
Let now M ^ {j}. We set m :— minM. If m = i + 1, then by (|S-4[) and the 
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inductive hypothesis, we get 
cf^. (Sf d (M)) = cf ^ (M\{i + 1}) C(i, 

=® s =sca, i + 1) n 4eMUi+1 J} o = ©.=* n feMUJ} ^> *)■ 

If m > i+ 1, then by (|S-6j) and the inductive hypothesis, cf *j- (Sfj (M)) equals 
cf4.(54(M m ^ m _!)) + cf^(54-(M \ {m})) C(m-l,m) 

=©«=* ru„ Am ^ *) + "0 © ^ n ieMUm J} *) 

=C(i, m-1) © E=5 n teAA{m J} C(<, *) + C(m-1, m) © e=5 U teM , {mJ} C ^ ') 

=a ( i, m) © £= , n teMUm J} <^ *) = ©-* n teMUJ} *). 

as desired. □ 
Lemma 2.6.2. Let j e M C and e,6 € {o,i}. Then cifj (Sf d (M)) = 

PROOF. We apply induction on ht M. If M — {j} the result is clear by (|S-2|) . 
Otherwise set to := min M. If m = i+1, then by (|S-4[) and the inductive hypothesis, 
we get 

rf& (Sfj(M)) = cf ^ (Sfj(M \ {z + l})C(i, i + 1) 

= ((_i)(^)^ + {-iy s Hf s ) n teMUj} C (M). 

Denote A := (-l)( e +*)F? +i + (-l) e<5 fff+ 5 . If m > i + 1, then by (|5T6l) and the 
inductive hypothesis, cf ^ (S?JM)) equals 

cifjiSfjiM^^)) + rf£.(S&(M \ {to})) C{m-l,m) 
= AY\ C(i,t) + AC(m-l,m)T] C(i,t) 

= A(c(i,m- 1)TT C(*,t) + (7(m-l,m)TT 

= AC(i,TO)TT c(t,t) = ATT c(*,t) 

as desired. □ 

Lemma 2.6.3. Let 1 ^ i < j < I ^ n and F e '(n) - "^ , and 5, a £ {0,1} . 
Then cfKF^F) = cf*+ CT (F). 

Proof. Multiplying ((2TTJ) by on the left, we get 

F a , F £ ° ■ ■■ F £m Tjeo, 
J,L i.ai &7n-j t, ai,...,ii m ,j 

= /1 w(e H \-e m -i)-peo , . . PE m -i T?cr-p£ m Tre ,-.,e m 

= f— Pl CT ( £oH l- E m)pieo ,..pE m -i pe m pa; rrs ,...,e m 

, (iWeoH h£ m -l)p£0 Ptm-l p£m+U O-£0,".,£m 

v / * " a m — i,a w a m ,i i, ai ,...,a m j " 

The result follows. □ 



CHAPTER 3 



Some polynomials 



In this chapter, we work with the polynomial ring P over Z in the variables 
{xi, yi | i € Z}. It will be convenient to consider P embedded into its fraction field 
to be able to divide arbitrary polynomials of P by nonzero polynomials of P. 

3.1. Operators <r£ • 

For integers a < b and fc, we denote by <r^ b the Z-algebra homomorphism of P 
such that: 

f x t + x a - x b if t > fc; f y t + x a - a; b if t > fc; 

<b(zt) = i u <6(2/*) = i 

^ Xt otherwise, [ yt otherwise. 

The definition immediately implies: 

(id-o-Jj)/ 

Proposition 3.1.1. for any /gP, we /iaue 1 e P. 

Lemma 3.1.2. Let a <b < c and e, h e {0, 1}. TTien 

b+e_c+h „c+h b+e 
a.b a a,c = <7 b ,c °a,b • 

Proof. Let z t be either x t or y t . Note that a<6 + e^c^c+/i. 
Case 1: t < b + e. We have cr b + e a c + c h z t = z t = a c b + h a b + e z t . 
Case 2: b + e < t < c + h. We have 

<:<c h zt = <\ &z t = z t + x a - x b , 

^tc'^b^ = a bl h ( Z t +%a- X b ) = Z t + X a - X b . 

Case 3: c + h ^ t. We have 

a a\ e<7 atc hz t = ah a\ e i Z t + x a ~ X c ) = Z t + (x a - X b ) + X a - (x c + (x a - X b )), 

which is the same as <r|;+' l o-*+ e z t = cr^ h (z t + x a -x b ) = z t + (x b -x c ) + x a -x b . □ 

Lemma 3.1.3. Let a < b < c < d and e, h € {0, 1} be such that b + e < c. Then 
a b+ h e and at + , h commute. 

a.b c.a 

Proof. Let z t be x t or y t . Note that b + e^c<d^d+h. 
Case l:t<b + e. We have a b ^a d + d h z t = z t = <+' l <^ t . 
Case 2: b + e^t<d + h. We have 

b+e d+h _ r-b+e _ . _ d+h/ , \ _ d+h 6+e 

°a,6 °c,d Z * - Z * - Z * + X " - x b - V c ,d V Z t + x a~ x b) - O c d CT Q ft Z t . 

Case 3: d+hs^t. We have 

a aX a t!d hz t = ab a!b( Z t + x c- X d ) =Z t + (X a - X b ) + X c + (x a - X b ) 

-(x d + (x a - x b )) = z t + x c - x d + x a - x b , 
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which is the same as ct ^ a c^b z t = °c,d ( z * + ^b) — z * + x c — %d + x a — Xb- □ 

3.2. Polynomials fP/(S) 

Let Del For f e Z, we denote max t D := max(Z? n (— oo..t)). For integers 
j ^ j we set 

L>j := max t (L>U{i}), 

and 

= n [ x d\ - i/t 

t=i+l 

For example, = 1, 

u f 5 = ( x i ^ 2/2) (a:i - 2/3) fai - Hi) (xi - y 5 ), 
"1,5 = ( x i ^ 2/2) (xi - 2/3) (2:3 - Vi) {X3 ~ 2/5 )• 
Let in addition I be a function on taking values or 1. We define the 

polynomials f t J (S) for any subset S C (i-j] by the following inductive rules: 

(a) /#'(0) = u&.; 

(b) /• (b) = ! , for b f= and s — mm b. 

By Proposition [37TTT1 the fractions fP- (S) defined by the above rules are poly- 
nomials of P, which can depend only on the variables x%, . . . , x 3 ;, yi+i, ■ . . , t/j. 

Keep the notation as above fixed and recall the notion of an end from Sec- 
tion [HI 



Lemma 3.2.1. Let R be an end of S and tp : R — > be an injection such that 
ip(t) ^ t + l(t) for all t € R. Suppose additionally that 1\rciD is identically 0. We 
denote by X the ideal of P generated by the polynomials 

(1) {x D i - y vW \ teR, \t+l(t)..tp(t)) DD^0} and 

(2) {x t - y v{t) \ teR\ {j}, [t+l(t)..<p(t)) C\D = 0}. 
Then, modulo I, we have 

TO if\J teR [t+l(t)..ip(t))nD^0; 

f°/(s) = < n ( x m -vt) i f R = s and U teS [*+!(*)..¥>(*)) r\D = 0. 

{ te(i..j]\<p(S) 



Proof. Induction on If S = 0, the result follows from the definition (a) 

■ D. 

hi 

d-^i w )/^(5\M) 



of the polynomial f i j'(0). Now let S ^ and s := min5. Let sq := D\. Then 



f?/{S) 



by definition of fP' l (S). 

Consider the ideal X 1 generated by 



(1') {x^ - y v(t) I t € R\{s}, [t+l(t)..<p(t)) r\D^0} and 
(2') {x t - y v{t) \ teR\ {s,j}, [t+l{t).. V {t)) HD = 0}. 



3.2. POLYNOMIALS ffj (S) 



27 



In other words, I' is defined similarly to X but using R \ {s} instead of R. Clearly, 
I 1 c X. Note also that R \ {s} is an end of S \ {s}. 

Since ip is an injection, [421 Proposition 6.18] applies to I' if we choose an 
order on the generators {x a ,y a | a € Z} of P so that y a 's precede x^s. We conclude 
that X' is a prime ideal and that an element X = cq + ^ a c a y a + X)& ^fc^fci where 
c a ,db g Z, belongs to X' if and only if X is a Z- linear combination of the generators 
(1') and (2'). In particular, x SQ — x s ^ I'. Hence 

(3.1) g ■ (x So — x s ) e X' implies g e X' (g e P). 

We claim that X' is closed under the action of at^'s ■ Indeed, consider first a 
generator x D i ^ — y v (t) of type (1') We have t e i?\{s} and [t+l(t)..ip(t)^ C\D ^ 0. 

Take any d G [t + l(t)..ip(t)) n D. Noting that s < t, we get 
Hence 



Now consider a generator xt — y^t) of type (2') As s < t, we get s + l(s) $C t ^ y>(i), 

and so again we obtain that al^s^ acts on xt — y v (t) identically. 
To complete the proof we now consider three cases. 

Case 1: Uteii\{ s } \t+l(t)..<p(t)) nU^0. By the inductive hypothesis, applied 
to the set S \ {s} and its end R \ {s}, we get f^/(S \ {s}) E X'. Therefore 

fPj\S) ■ (x so - x s ) = (id -o£W)fPj l (S \ {s}) e x'. 
By (GO}, jy''(S)eI'cl, 

Case 2: {j teR \ {s} [t+l {t)..<p{tj) n D = but UteR^+KO-vW) n L> ^ 0. In 
this case s £ R and so S = R. By the inductive hypothesis, applied to the set 
5 \ {s} and its end i? \ {s}, we have f®/(S \ {s}) = h + P for some /i e I', where 

p : = n - to). 

te(i..j]\ P (S) 

Since ^ is an injection, we have 

f°/(S) ■ (Xs - x s ) = (id -<i«)/§'(S \ {*}) 

(32) =/ l '+(id-<tw) n (^-»*) 

fe(i..j]\ P (s\{ s }) 
= h' + (id-a^)[(x DUs) ~y v(s) )-P], 

where h! = (id — ai^ l } sS> )h. As X' is invariant under at^ s \ we have h' G X'. 

Note that [s+l(s)..<p(s))r\D ^ 0. Let d € [s+((s)..(p(s))nD 7^ 0. Then > 
max v(5 .) CU{i}>Os + Therefore, er^i (s) (^d* - = - ^(s) 

and we can rewrite (|3.2|) as /i' + (x D i — JM S )) • (id— Cg^s )P. Hence 

¥>(») V 

s+/(s) 



te^) - k (s) ^ - y yW ) (1 V-x )p ) • - *.) - ^' e r - 
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By Proposition 13.1.11 the fraction in the big brackets belongs to P. Now, by (|3.ip . 

fij (S) - (i D i w - v vW ) Xsg _ - e i . 

Thus f^- l {S) = (mod I), since x D % — y v ( s ) G I (as a generator of type (1)) 
and I' Cl 

Case 3: R = S and U teS [t+Z(i)..y>(*)) n D = 0. We claim that 
(3.3) s = Dl = Dl (s) . 

Indeed, we have D i , s) = D' l s+l{s) , since [s+l(s)..<p(s)) H (D U {z}) = 0. If l(s) = 
then = so and (|3.3|l follows. If i(s) = 1, then s £ D (recall that Z|snD = 0) 

and, therefore, s ^ D U {i}. Hence we again obtain D l s+l ^ = sq. 
Since so < s + i(s) ^ ¥>(s)> we have 

°soi^ ^ ( x s<> ~ Vip(s)) — x so ~ iV(p(s) "f" x sq ~ x s) = x s ~ Vtp(s)- 

Note that in the present case the formula (I3.2p is again true. Applying (|3.3p . 
we can rewrite this formula in the following form: 

fP/{S) ■ (x S0 - x s ) =h' + (id-<+i< s >) [(x S0 - y v{s) ) ■ P] 

=ti + (x S0 - y v(s) ) -P-(x s - y v(s) ) • 

=h! + (a,, - y vW ) ■ [P - <Jt+!s (s) P] + ( x s ~ x.) ■ P 

Hence 

(f°/(S) -P-(x s - y vis) ) (id 7 g £ S))P ) • (*s Xs ) = h> e i'. 

\ x So x s / 

By Proposition 13.1 .11 the fraction in the big brackets belongs to P. Now, by (|3.1I) . 

(3-4) fff(S) -P-(x s - y v{s) ) (id '^ ))P e X'. 



If s < j then x s — y v ( s ) G I as a generator of type (2) and we are done. 

Consider now the case s — j. We have R = S = {j}, <p(j) — j, — and 
P = YiteU j)(- x D z t ~yt)- Hence cf^i^" 1 = erf o ^ acts identically on P, whence 



(id-a-r)P =Q 

X SQ Xg 

and we are done. □ 
Lemma 3.2.2. // a < b < c < d, e = 0, 1 and b + e < c, then <T b a ^ b e (f D ^(S)) = 

Proof. We apply induction on \S\. By definition, we have 

The operator cr^ + b e acts identically on / \ (0), since it does so on each factor of this 
product. Now let S ^ and set s := minS* and Sq := D c s . Applying the inductive 
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hypothesis and Lemma l3.1.3[ we get 

(*so ~ x.)°%?%£{S) = <*[(s i0 - x.)f°£{S)] = o^(id-<iW)/5'(S\{ fl }) 
= (id-<+^V*+^ 

Cancelling out a; So -i s ,we get a^f^J{S) = ffJiS). □ 

3.3. Polynomials .9^(5) 

Here and below, we sometimes denote by and 1 the constant functions on 
some set (clear from the context) taking the values or 1, respectively. Let i < j 
and 5* c Define 

The defining relations (a) and |(b)| of Section 13.21 in our special case become: 
(a- 1 ) 9ij (0) = ufj = (xi - y l+ i)(x t - y l+2 ) ■■■{x i - y 3 ); 



(b-1) g 1 (S) = - l ' s V " , for S £ and s = mmS. 

hJ <y> _. — fp _ 



Lemma 3.3.1. =x t - y l+1 . 

Proof. We apply downward induction on k — j . . . , i + 1 to prove: 
(3-5) gy-J ([k..j)) = (xi - y i+ i) ■■■(x i - y k ). 

The induction base is clear from |(a-T) Let (|3.5|) holds and k > i + 1. By (b-l)| 

_ (xi - j/i+i) •■■{xj — yk) - (xi - yj+i) ■■•(xj — yk-i)(xk-i - yk) 

x t - Xfe-i 

= (xi - y i+ i) ■■•{xi — 2/fc-i). 
The required formula follows from (|3.5[) for fc = i + 1. □ 

Lemma 3.3.2. Let i + 1 < j and S C (i+l..j). Then 

( Xi - y^g^iS) + ( Xi - x i+1 )gW({i+l} U S) = gW(S). 



Proof. By (b-1) the left hand side of the above formula equals 
( Xi - y i+1 )g$ ld (S) + g W(S) - (S). 
Thus it suffices to prove that 

(3-6) <Ti&i$(S) = (x i -y» 1 )g$ lij (S) 

for any S C (i+l..j). 

If 5 = 0, then by [(a~T)l we get 

<^IJ( ) =<£i [0* " Vi+i) ■ ■ ■ 0* - %)] 

=(xi - y. i+ i)(x l+ i - y l+2 ) ■ • • (x i+1 - = (^ - Vi+i) gj+ ld (.0). 
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Now let 5^0. Set s = min5. Clearly s ^ i + 2. Applying (b-l)| the inductive 
hypothesis and Lemma 13.1. 2 [ we get 



(x i+1 - x s )a%l ig ${S) = a^ x [{Xi - x s ) g™(S)] = ^(id-oft 1 )^ \ {s}) 



•+1^(1), 



= (id -*lt}>%li $ (S \ W) = (id -* S +U [(*, - y i+ i) (5 \ {s})] 



(i) 



= (xi - j/i+i) • (id-a^l s ) g^iAS \ {s}) = (xi - y i+ i) {x i+1 - x s )g^ 1 JS). 



(i) 



Cancelling out (xi+i — x s ), we obtain the required relation p. 6 



□ 



Lemma 3.3.3. Let i + 1 < m < j and S C (m..j). Then 

( Xi - Vi+i)^ (S) + fl g((i..ro-l) U {m} U S) 
+(x ro _! - x m ) gf) ((i..m\ U S) = g$ ((t..m) U S). 

Proof. We apply downward induction on k = m — 1 . . . , i + 1 to prove 



• • • - y k ) g { ^ 3 (S) + g\ 1 J([k..m-l) U {m} U S) 



(i), 



+(x m _! - s m ) fl4 W([A..m] US) = gtj{[k..m) U 5). 

Denote by <£>^ the difference of the left-hand side and the right-hand side of this 
formula. The claim of the current lemma will follow from <fr|, x = 0. 



The induction base is the case k = m — 1. By (b-1) (a:, — x m _i)<I > :^_ 1 equals 



(a;, - a^-i)^ - • • • (a:; - y m -i) g^AS) + (%i ~ x m -i) g^- ({m} U 5) 



+ (aij - a; m _i)(x m _i - a; m ) ({m-1, m}US)- (xi - x m - X ) gfj ({m-1} U 5) 



C 1 )/ 



= (x, - x m -i)(xi - y i+ i) ■■■(x i - y m -i) 9m AS) + {x l - x m -x) g\ l j ({m} U S) 



+ (x m _x - ar ro ) (id-< m _i) g$({m} US)- (id-^ m _ x ) .9^(5) 
=(ii - a; m _i)(xi - • • • (a; - y m _i) 9^]j{S) + (a* - x m ) gfj ({to} U S) 



fam—l 

Note that u\ 
equality and (b-1) we get 



(i m + Xi - x m -i) = x m -x - x m . Applying this 



(Xi - x m -i) ■ fa - y l+ i) ■■■( x i- Vm-l)9m,j(S) + (id-CT™^ 1 ) g^iS) 
~ < m -i [fa - xm) g% ({m} US)]- (id -< m _!) <?g (5) 

=(x. ( - i m _ 1 )(x i - yi+i) • • • (a* - 2/ m _!) 5 «-(S) + (id -a.^ 1 ) flg(S) 
- < m -i(id-<+ 1 )<?S ) (^) ^ (id-< m _0 

=(aci - x m -i)(xi - y i+ i) ■ ■ ■ (xi - y m -x) 9m,j( s ) ~ 9ij(S) 
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Denote the last expression by *Sf s and prove by induction on \S\ that ^ s = for 



any S C (m..j). By (a-1) 



we act 



* = (xi - a; m _i) • (xi - y i+ i) ■ ■ ■ (x t - y m -\) • (x m - y m +i) ■ ■ ■ (x m - y 3 ) 



m-fl 



(xi - y l+1 ) ■■■{x i - y 3 ) 



m _m+l 
i,m—l i,m 



(xi - y i+ i) ■■■(x i ~ y.j) 



- (xi - ■ ■ • (xj - y m ) ■ (x m - y m +i) ■ ■ ■ (x m - Vj) 



+ °1™m-l ( x i ~ Vi+l) ' ' ' ~ fa) ' (^m - 2/m+l) ' ' ' (^m " Vj) 

--{xi - x m -x) ■ (xi - y i+ i) ■■■(x i - y m -x) ■ (x m - y m +i) • ■ ■ (x m - Vj) 
- (xi - y l+ i) ■ ■ ■ (xi - y m ) ■ (x m - y m +i) ■ ■ • (x m - yj) 
+ (xi - yi+i) ■■ ■ (xi - y m -i) ■ (xm-i - y m ) ■ (x m - y m +i) ■ ■ ■ (x m - yj) = 



Now let 5* 7^ and s := min5. Recall that m < s < j. Applying (b-1) Lem- 
mas [3H21 and EH3] and the inductive hypothesis, we get that {x m — x s )'^ i ' equals 

(xt - x m --L) ■ (xi - y l+ i) ■ ■ ■ (xi - y m -i) ■ (x m - x a )g^AS) 



m+1 I 



[{ Xi - x a ) gfj (S)] + ^ m _ x o^ [( Xi - x a )g<$ (S)] 
--{xi - x m _x) ■ (xi - y i+ i) ■ ■ ■ {xi - y m -x) ■ (id -<r£ t t) g^S \ {s}) 

~ <Z X (id "<r ) 9% (S \ {*}) + vZn-i^ 1 (id -oft 1 ) $ V \ {*}) 
--(id-<Tm,l)[( x i ~ x m -i) ■ {xi - y i+ i) ■■■(x i - y m -i)g!£ ) d (S\ {s})] 



(id-a^Da^g^iS \ {s}) + (id-^+^a™ 

=(id-<i)* s \« = 0. 



1+1 Ji) 



gfj(s\{a}) 



Hence = 0. We have now proved that = 0. 

Now let i < k < m — 1 and by the undictive assumption we have $f +1 = 0. By 
definition, ct*^ 1 acts identically on Xi — yt for t = i + 1, . . . , k. By Lemma 13.2.21 it 



also acts identically on g^'JS). Moreover, cr^ 1 ( 



Vk+i, 



Xk - Uk+i- So 

(i) 



(id -^it 1 ) t( x * ~ ^+0 ■ ■ ■ ( x * ~ ■ ( Xi ~ y k +^ 9m,j( s )] 

=(xi - y l+ i) ■ ■ ■ (xi - y k ) ■ {xi - y k+ i) g^'AS) 



(xi - j/i+i) • • • (xi - y k ) ■ (x k - yk+i) 9m,j( S ) 

(i) 



=(xi - x k ) ■ (xi - y i+1 ) ■ ■ ■ (x t - y k ) g m > 3 (S). 
Hence usingy (b-l)| we get 

(xi - x k ) $f =(xi - x k ) ■ (xi - y i+ i) ■■■{x i - y k ) g^ tj {S) 
+ (id -a^ 1 ) gfl ([fc+l..m-l) U {m} U S) 
+ (x m _! - x m ) ■ (id-a^ 1 ) g^([k + l..m] U S) 
- (id- *t 1 ) fl {5([*+l..m)US) = (id-oS 1 )^ w =0. 
So $f = 0, and the inductive step is complete. 



□ 
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3.4. Polynomials gl% qJ (S) 



Let i ^ k ^ q ^ j, i < q, and S C Set 

(2) f5 , _ f {k}Al tJ 

9i,k,q,j\°) — Ji,j 



(S). 

(2) 

where i> fc ' ■ : (i.j] — >• {0, 1} is the following function: 

1 if i < t < k or ^ < t < j; 
if k ^ £ ^ q or £ = j. 

The defining relations (a) and |(b)| of Section 13.21 in our special case become: 

( a " 2 ) 9i%g = = - 2/»+i) •• • i x i ~ Vk) ■ (x k - y k+ i) ■■■{x k - y 3 ); 



Lemma 3.4.1. g^^L.j]) = 1 and g}% lij:j ((i-jf) = 1. 

Proof. Let k 6 Apply downward induction on s = j, . . . , max(i, fc — 1) 

to prove: 



, for S ^ and s = min S*. 



flS^-((*.-j]) II 



Vt)- 



t=i+l 



By (a-2) this formula is true for s — j. Let max(i, k — l)^.s<j. Note that 
fc^s+Uj. So l^l ji:j (s + 1) = 0. Denote u := {k}l +1 . By |(b-2)| and the 
inductive hypothesis, ■ ((«.../]) equals 



(id-</ +1 )5il- J (( S +l-i]) _ (id-<++i)n^- +1 (^ {fe }| -y*) 



S+l 



nt=i+i( a: {fe}i - yt) ( id -<, s +i)( x u - x s+1 ) 



3 

n ^m? 

t=i+l 



using (T^^fiu — = 0. The required formulas now follow from the special 

cases s — i, k — i ot s — i, k = i + 1. □ 

Lemma 3.4.2. Let i + 1 < j and S C Then 

(a) &(5)+fiS({m}U5)=4 +lj ({m}U5); 

(b) g^u(S) = g% +1 , i+1>j {{i+n u 5). 

PROOF, [(a)] Note that fl^ i+lj -(S) = g^{ S) for any S C (i + l..j). T his fact 
follows directly from the inductive definitions (a-1) (b-1) (a-2)| (b-2) and the 
equalities u\ l ) = u f 7 -, {i} l s = i and Z|^ i+lj -(s) = 1 for any s € (j+l.j). 

Now, by (b-1) and (b-2)| the difference of the left-hand side and the right-hand 
side of (a) multiplied by (xi — Xi+i) equals 

{ Xi - Xi+1 )gV d (S) + (id-a^g^iS) - (id-aftlJgV^iS) 
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Denote the last expression by & s and prove by induction on |5| that <J> = for all 
S C By | (a -1)1 * equals 

(xi - x i+ i) ■ (x i+ i - y l+2 ) ■ ■ ■ (x i+ i - yj) 



r i+2 



i [{Xi - Vi+i) ■■■(x i - yj)] + cr|t+i [(xi - Vi+i) ■•■(x i - yj)] 



--{xi - x i+ i) ■ {x i+ i - y l+2 ) ■ ■ ■ (zi+i - yj) 
- {xi - Vi+i) ■ {x i+ i - y i+2 ) ■ ■ ■ [x i+ i - yj) + (x l+1 - y i+1 ) ■ ■ ■ (x i+1 - y ) = 0. 



Now let S ^ and set s := mmS. By (b-1) Lemma T3. 1.21 and the inductive 
hypothesis, (a^i+i — x s )Q s equals 



( Xi -x i+1 ) (id -a*+l s )gW AS\{s}) 



i+i.si m+ij\ 



- <t+r [fa ~ x s )g%(S)] + [(xi - x.)gW(S)] 
=( Xi x i+1 ) (id-* s +l s )gV ld (S\{s}) - ^(id-a^g^iS \ {s}) 
+ v%li(ti-<T!+ 1 )9%(S\{s}) = (id-^J^M = 0. 
Therefore <j> s = 0. 

|(b)| By (b-2) the difference of the left-hand side and the right-hand side of |(b) 



multiplied by (xi — Xi+i) equals 

( Xi -x i+1 )g$ ltj (S) (id-ai+l 1 )g^ 1 . +1 .(S). 

Denote the last expression by fy s and prove by induction on |5| that ^ s — for 
all S C (i + l..j). By |(a-l)| and |(a-2)| we get 

* =(xi - x i+ i) ■ (x i+ i - y i+2 ) ■ ■ ■ (x i+ i - yj) 

~ (id-^U+i) [(xi - Vi+i) ■ (Xi+i - y i+ 2) ■ ■ ■ (x i+ i - yj)] 
=(xi - x i+1 ) ■ (x i+1 ~ y l+2 ) ■ ■ ■ (x i+1 - yj) 
- {xi - Vi+t) ■ (x i+1 - y i+2 ) ■ ■ ■ {xi+i - yj) 
+ (xi+i - m+i) ■ (x l+1 - y l+2 ) ■ ■ ■ (x i+ i - yj) = 0. 

Now let S 7^ and s := min S. We have i + 1 < s < j. So, by Lemma T3.1.31 
formulas (b-1) and (b-2) and the inductive hypothesis, (ajj+i — x s ) ^> s equals 

=(id -*$,.) [0* ~ x i+i)$i,j(S \ {*}) (id -*%lx)9?li, i+ i,j{S \ {«})] 

=(id-<+ 1 1 !S )* s \w = o. 

Therefore f 5 = 0. □ 

Lemma 3.4.3. Let i + 1 < q < j, k ^ i + 2, and S C Then: 

(a) (x i+ i - y i+ i) 9i+i >i+h g d {S) + {x 2 - x i+l ) g^)^ US)= g^jiS); 

(b) 9^i, i+ i, g ,j(S) = 9% +1>q ,j({i+l} U S); 



(c) (xi - !/,+i)s, ( + M+ 2 AJ (S) = 9ij + 2,q,j(S) if i + 2 e S; 



(2) 



(d) ( Xi - y i+ i)9^ 1<k>g> j(S) + (x t - x i+l )gfl q .({i+l} U5)= g^LjiS). 



(2) 



-,(2) 
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Proof, (a) Denote by <J> S the difference of the right-hand side and left-hand 
side of (a) Applying (b -2) we get 

We prove $ s = by induction on \S\. By (a-2)| we get 

$ = <t+i[(^~^+i) ' ' ' (xi-yj)]-(xi + i-yi + i)-(xi + i-yi +2 ) ■ ■ ■ (xi+i-yj) = 0. 

Let S 7^ and s := mills'. Note that if'} q j{s) = q j( s )- Denote this 

number by h. By (b-2)| Lemma 13.1.21 and the inductive hypothesis, (x^i — x s 
equals 



T i+i 



[(xi - x s )g^l • (£)] ~ (x i+ i - y i+ i)(x i+1 - x s )g\ 



+l,i+l,q,j(S) 



=(id-^J^ l5 g (?)J .(5\{ s }) - (id [(*«+! - y l+ i)9 ( i %. M1 , q , J (S\{ s })} 
= (id-atf£,)**\«=0. 
Therefore <& s ' = 0. 



(b) We denote by $ the difference of the right-hand side and the left-hand 



side of (b) multiplied by {x^ — Xi + i). By (b-2) we have 

<E> S = (id-^^M+M,^) - (Xi-x i+1 )gl% 



(S). 



We prove <£> 5 = by induction on \S\. By (a -2) <& equals 

- (ajf-ii+i) • (x l+1 - y i+2 ) ■ ■ ■ (x l+1 - yj) 
=(xi - Vi+i) ■ (x i+ i - y l+2 ) ■ ■ ■ (x i+ i - yj) 

- (x i+ i - 2/i+i) • (x i+ i - y i+2 ) ■ ■ ■ {xi+i - yj) 

- (xi - Xi+i) ■ (x i+ i - y l+2 ) ■ ■ ■ (x i+ i - yj) = 0. 



Let S ^ and s := minS. Note that l$ +1<q<j (s) = l\+ 1A+1 ^j(s) ■= h. By |(b-2) 
Lemma 13.1.31 and the inductive hypothesis, (2^+1— x s ) $> s equals 

( id - <J tili)[( x i+i~ x s)gl% hqd (S)] - (xi-x i+ i) (xi+i-x a ) 9i+ 1>i+1 , q>j (S) 

-(id -^+ii)(id ~critt)9?li,q,j (S \ {*}) 

- ( Xi - x i+1 )(id -vi$t)g?^ i+l ^{S \ {s}) 
=(id -£7j+^ a )(id ( S \ W) 

(id-o£*,)[( Xi - x i+1 )gQ hi+1 ^(S\{s})] = (id-*°+* s )<S> s \^ = 0. 



,(2) 



(c) Set T := S \ {i + 2}. Denote by $ T the difference of the left-hand side and 
the right-hand side of (c) multiplied by (xi — Xi +2 ) {x^i — Xi +2 ). By (b-2)| 

$ T =(xi - y i+x ) (xi - x i+2 ) {id-alll l+2 )g { ^ l i+2 q j {T) 

- (x i+ i - x i+2 ) (id-a$l 2 )gr) +2>qtj (T). 
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We prove <E> T = by induction on \T\. By (a-2) we get 



fa - y l+ i){xi - x l+2 )(id -Oj+^ +2 ) [{x i+1 - y i+2 ) ■ {x l+2 - y i+3 ) ■ ■ ■ [x i+2 - Vj)) 

- (x i+ i - x l+2 )(id -al+l 2 )[{x l - y i+ i)(Xi - y i+2 ) ■ (x i+2 - y l+3 ) ■ ■ ■ (x l+2 - yjj] 
--(Xi - y l+ i)(xi - x l+2 )(x i+1 - y l+2 ) ■ (x i+2 - y l+3 ) ■ ■ ■ (x i+2 - yj) 

- (xi - y l+ i)(x l - x i+2 ) (x i+2 - y l+2 ) ■ (x l+2 - y i+3 ) ■ ■ ■ (x t+2 - y 3 ) 

- (x i+ i - x l+2 ){xi - y l+ i) (xi - y l+2 ) ■ (x l+2 - y i+3 ) ■ ■ ■ (x t+2 - y 3 ) 

+ (x i+ i - x l+2 ) (Xi - y l+ i) (x l+2 - y i+2 ) ■ (x l+2 - y i+3 ) ■ ■ ■ (x l+2 - y 3 ). 



So 



$ ={xi - yi+i) (xi - x l+2 ) (x i+ i - x l+2 ) ■ (x t+2 - y i+3 ) ■ ■ ■ (x l+2 - yj) 

- (x i+ i - x l+2 ) (xi - y i+ t) (xi - x l+2 ) ■ {x i+2 - y l+3 ) ■ ■ ■ (x i+2 - yj) = 0. 



Let T^0 and t := minT. Note that 4+i,i+2 ><7 ,j (*) 



(2) 
i,i-\-2,q,j 



(t) =: h. By (b-2) 



Lemma 13.1.31 and the inductive hypothesis, (xi+ 2 — Xt)$> T equals 

(Xi - y l+ i){xi - x l+2 )(id -<rlXl i+2 ) [(x i+2 - x t )gl + \ i+2>qd (T)] 



- (X i+ l - X l+2 )(id -<J^l 2 )[(x l+2 - X t ) 9i%2,qj( T )] 

={xi - j/i+i) (xi - x l+2 ) (id-alll i+2 )(id-al^ t )gl% A+2tq<j (T\{t}) 

- (x l+1 - x l+2 )(id -<j%l 2 ) (id -ett^)^,^ (t \ {t}) 

=(id " yi+i) - Xi+z) (id-^L +2 )5^, l+2 , 9 , J (7 1 \ {*}) 

- ( Xl+1 - Xl+2 ) (id-<t+ 2 )5[- ) +2 , g , i (r\ {t})] = (id-*ttlt)* Tm = o. 



(d) Denote by $ the difference of the right-hand side and the left-hand side 



of(d) By (b-2) 



- ( Xi - y i+ x)9^ Kqd {S) - (id-^ x )^(5) 



(2) 



(2) 



(2) 



We prove $ 5 = by induction on By |(a-2)[ 

$0 =cr M+i [i x i - 2/i+i) ■■■( x i~ Vk) ■ {x k - y k+ i) ■■■{x k - yj)] 

- (xi - y l+ i) ■ (x i+1 - y l+2 ) ■ ■ ■ (x i+1 - y k ) ■ (x k - y k +i) • ■ ■ (x k - yj) = 0. 

Let S 7^ and s := minS. Note that if^q As) — k q j(s) =■ h. Moreover, we 
set So := {k}\ and s' Q := {k} l s +1 . If s > k then so = s' Q = k. By Lemma f3 . 1 . 31 

&a ^"_L1 (Xsn X s ) — (p^k X s ) — X k X s — x s' X s . 



V.* so 

i+2 s+h 
u i,i+l u s .s 



i+2 s+h 
u i,i+l"k,s 



s+h i+2 
u k,s °i,i+l 



s+h i+2 
a s',s"i,i+l- 



If s ^ k then so = i and s = i + 1 . By Lemma I3.1.2| we get 



T i+2 

i,i+ 



l(x So X s ) — &i i+-±(Xi X s ) Xi+± 

h _ „i+2 „s+h _ „s+h i+2 _ s+h i+2 



X S 5 



'i,i+l u s ,s 



; = a 



i+l,s <J i,i+l 



= O, a. 



s',s u i,i+l- 



Thus in cither case, we have 



T i+2 (X 



X s ) 



%+2 s+h 
u i,i+l u s ,s 



s+h i+2 
u s' ,s"hi+l- 
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By these formulas, (b-2) and the inductive hypothesis, (x s > a — x s ) <£> s equals 



T i+2 



i [0s - x s) 9i 2 Lj(S)] - (xi - y l+1 ) (x s , o - x s ) g. 



i+l,k,q,j (^) 



=^Uid-at+ h s )9^ tq>j (S\{s}) - ( Xi - Vi + i)(}d-a:l h s )g^ ktqtj (S\{s}) 

= (* ( 5 \ i s » - & - W+i) ff8L*J ( 5 \ W)] 

= (id-^,+ s A )$ s ^ s > =0. 

Therefore $ s = 0. □ 

Lemma 3.4.4. Let i + 1 < q < j and S C (q--j)- Then: 

(a) 9?)(S)+&-ij((i»Q] U S) = ffSL((<.-?] U 5); 



(b) 43(5) + U5) = ff#n, w -((i..g] U 5). 



,(2) 



,(2) 



Proof. Let i' := i in case (a) and i' 



,(2) 



j + 1 in case |(b)| In both cases, we 
have i' < q. Note that gf}, >q _ hj {S) = gf}, qj (S) for any S C (q..j). This equality 



follows from (b-2) and the equality lf^, q _ 1 .(s) = i-^ = 1 for any s 6 (q-j). 

We apply downward induction on k = g . . . , i + 1 to prove the equality 

"fill + ffgU-u ([*••«] U S ) = ^(M] U 5 ) 

Let <i>^ denote the difference of the left-hand side and the right-hand side in this 
formula. The required formulas will follow from $f +1 = 0. 

At first, we consider the case k = q. By (b-2) (av — x q )$ q equals 

(x v *M2-i£](S) + (id-a?+ 1 ) 5 g )? _ 1J (S) - (id-<7«>$ iW .(S) 

=(a* -* fl )^li4 1 J( S )-<^S, 9 j( S )+^,,ffM',w-( 5 ) = : 
We prove that ^ = by induction on \S\. By (a-1) and (a-2) "P equals 
,{»'} „,0 



,(2) 



={x v - 1,)^!^ - of/j^ 1 • (av -%)••• (Xi' - Vj)} 

+ a l,q[ U tq-l ■ ( X V - Vq)'-' ( X i' ~ Vj)] 
= [X V ~ X q ) ul q ! _ lUqd - ul q S _x{Xi' ~ y g )u q ,j + ulq-AXq - y q )l 

Xi, - x q ) - (xi< - y q ) + (xq - y q )] = 0. 



=n| l 2 lW f, [( 



Let S ^ and s := minS. Note that q + 1 < s < j. By |(b-l)| and |(b-2) 
Lemma 13.1.21 and the inductive hypothesis, [x q — x s )^ s equals 

(a* - ^fil^id-aft 1 )^) - [(x v - x a )flg), w .(5)] 

+4, j(^-^k5, 9J (^)] 

= (id -a^ 1 ) [(a* - i,) ufil : ffW (5 \ {*})] 

~ (id <?S )( y (^ \ {4) + < 9 (id -c^ 1 ) (5 \ {*}) 

= (id -a^ 1 ) [(a* - x,) ufili S$ ( 5 \ W) 

- ffS',w( s \ { s }) + a i', q 9Si', q ,j(S\{s})] = (id-o^+ 1 )* s ^'> = 0. 
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Therefore ^ s — 0. Thus we have proved <fr q = 0. 

Now let i < k < q. By the inductive assumption, $f +1 = 0. We set fco := 
maxfeji, i'}. Note that a kQ k acts identically on u\ t k _ l by definition and on g q X ^{S) 
by Lemma 13.2.21 On the other hand, a kg k { x k a — yu) — Xk — yk- Therefore, we get 



4*k-i( x k a -yk)9qj(S) -ufj^xk -yk)9g~j(S) = (x ko -x^ufk^g^AS). 



By this formula and (b-2) (xk — Xk) $f equals 

(x ko - Xk)uf' k } _ l9 ^{S) + (id-<, fe ) g^l q ^([k+l.. q ] U S) 
-(id-<, fe ) 5 g igJ ([fc+l..g]U5) 



Therefore <&f = 0. This completes the inductive step. 



□ 



Lemma 3.4.5. Let i + l<m<q^j and S C (m..j]. Then 
(a) (x m - y m )£] mM (S) + ggl qJ ((i..m-l) U {m} U S) 



+(x m -i - x m ) fli ( j;, iJ ((i..m] US) = ff^,j((*..m) U S) 



(2) 



(b) (x TO - y m ) 9m,m, q ,j{ S ) + ©i+Km-i fflfi+i.g.j ((i..m-l) U {m} U 5) 



(2) 



+ {x m -\ - x m ) 9iJ +hqJ {{i..m] US) = 9iJ +hqJ ((i-m) U S); 

(c) ( Xi - y l+ i)gt] m , q , {S) = g^ qd ((i..m-l) U {m} U 5); 

(d) (xi - y i+ i) 9ro, ro +i, g ,j(S) = sj^ +1)gJ ((i.m) U 5) i/m+1 e 5; 

(e) (a* - y i+1 ) 9 ( Z tq>j (S) + g® 9tj {(i..m - 1) U {m} U S) 
+(x m -i ~ x m )g^l qd ((i..m] US)= ^^((i.-TO) u 5 ) 
/or all k = m + 2, . . . , q. 



PROOF, (a) (b) Let i' := i in case (a) and i' := i + 1 in case |(b)| In both 
cases, we have £' < m. We prove the following equality by downward induction on 
k = m — 1, . . . , i + 1: 

(afm - Vm) "[fc-l 9m,m,q,j( S ) + ©i+Km-1 or i'=i Sj^gj (l^-™- 1 ) U U S) 

+ (x m _x - x m ) 9 g i ^([fe..m] U 5) = gQ, qJ ([k..m) U 5). 

Let $f denote the difference of the left-hand side and the right-hand side of this 
formula. The assertions of parts (a) and |(b)| will follow from $f +1 = 0. 
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Case 1: m = i + 2 and i' = i + 1. In this case, the only value of k we need to 

i+i) $f+i equals 



consider is i + 1. By (b-2) (xi 



(xi - x l+l ) (x l+2 - y i+2 ) g?+2a+2, q ,j( S ) 



+ (x i+1 - x l+2 ) US)- (id-a^g^^S) 



+ (id -4+10 [(x i+1 - x i+2 )gfl^.{{i+2} U S)} - (id-a^g^/S) 



(2) 



= (Xi - X i+ l) (x l+2 - Vi+2) 9i+2 <i+ 2, q ,j(S) 



+ (id (id i+2 ) ff g> +1>w . (5) - (id -<tti)&i, 9 j ( 5 ) 



=(^ - asi+i) (2^+2 - i/i+a)^,^,^ 5 ) - (id -^i)^? li+ 2fl<,i+ 1)9)J -(fiO 
We prove by induction on |5| that * s = 0. By |(a-2)| * equals 

(Xi - Xi+l) (x l+2 - y i+2 ) ■ (x t+2 - Ui+3) ■ ■ ■ {Xi+2 ~ Vj) 

- ( id - CT M+iK+li+2 [i x i - 2/i+i) ■ ( x i+i ~ Vi+2) ' ' ' (a^+i - Vj)] 

= (xi - Xi+l) ■ {xi+2 - 1H+2) ■ ■ ■ (xi+2 - JJj) 

- ( id [( x i - Vi+l) ■ i x i+2 - Vi+2) ■ ■ ■ (x i+ 2 - Vj)] 

= (Xi - X i+ i)(x i+2 - Vi+2) ■ ■ ■ (Xi+2 - Vj) - (Xi - Vi+l){x i+ 2 - V1+2) ■ ■ ■ (x i+ 2 ~ Vj) 
+ { x i+i - Vi+l)( x i+2 - m+2) ■ ■ ■ (%i+2 - Vj) = 0. 



Let S ± set s := minS. We have if^+^s) = =: h. By[(b~2) 

Lemmas 13. 1 .21 and 13.1.31 and the inductive hypothesis, (xi+2 — x s ) \& s equals 

(Xi - x i+1 ) (x i+2 - y l+2 ) (id-C r -+ _ 2'.s)5i+2, i +2, 9 j( 5 '\ { S D 

~ (id-<t-fi)^ 1)i+2 [(^+i - x s)9tlx, q ,M 

= (id -<r!+2,s) [( X i ~ x i+l) ( x i+2 ~ Vi+2) 9i%, i+2 ,q,j{S \ {«})] 

- (id -aj+IO^IL+2 (id -*#£.) <?g+i,™ \ W) 

= ( id -<+2^ s ) [(»< - ~ ^+2) .9!+2,i+2, 9 j( 5 ' \ I s })] 

(W-^Cid-o^O^i^&W^V W) = (id-^+t,)*™ =0- 

We have proved that = for any S as in this lemma. Thus we have 

proved part |(b)| in the case m = i + 2. 

Case 2: m > i + 2 or i' — i. In this case i' < m— 1. By (b-2) (av — x m _i) 
equals 



m-i) (afm -ym)M l { , l m } -2 5m,m, 9J (5') + (a* - af ro _i) 5i^, gJ ({m} U 5) 



(2) 



(2) 



+ (x m -i - : r m )(id-^ > - 1 _ 1 )^, g , i ({m} U 5) - (id-^O^^OS) 
:[(aii/ - a; m _i) + (x m -i - x m )] 9ij>, g ,j({ m } u 

4[(^-%)s!L(wus)] 



m— 1 
i' ,771- 



+ (x^ - as m _i) (a; m - y m ) w| 4 m } _ 2 ^^ m g ^.(5) - (id-cr™^!) 5M', g j(5') 



(2) 
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I _ \ / \ {»'} (2) 

-^Kj' x m -\) \x m y m ) u i m _ 2 g m ,m,q,j 



1/1 " ,2) ,,(s)-(id-<x?;j 



+ (x it - ar m _i) (x m - ym)Ui,m-2si;m,w( 5 ) ~ ( id -^m-lK,,' ,g,j fa) 

(2) fC\_.,T,S 



We prove by induction on \S\ that *£ s = 0. If m > i + 2 then by (a -2) ^ equals 

(xi> - x m _i)(x m - y m ) ■ (xi - y i+1 ) ■ {x v - y i+2 ) ■ ■ ■ (xi> - y m - 2 ) 
x (x rn y m +i) • • • [x m t/j) 

- (id -a™^x)<r™ m [fa - t/ i+ i) • (a* - y l+2 ) • • • {x v - yj)] 

={x v - X m -i) (Xi - y i+ i) ■ fa - y i+2 ) ■ ■ • {xv - y m - 2 ) • (^m - ?/m) ■ • • (^m - Vj) 
-(id-cr™ m 1 _ 1 )[(a; 4 - - y l+2 ) ■ ■ ■ {x v - y m -i)(x m - y m ) ■ ■ ■ (x m - yj)] 

=(xi> - Xjn-i) (xi - y i+1 )(xi> - y l+2 ) ■ ■ ■ {x v - y m - 2 ){x m - y m ) ■ ■ ■ (x m - yj) 

- (xi - y i+ i){xi> - y i+2 ) ■ ■ ■ {x v - y m -i)(x m ~ y m ) ■ ■ ■ (x m - yj) 

+ (xi - y i+1 )(xi> - y l+2 ) ■ ■ ■ (xi> - y m - 2 )(x m -i - y m -i)(x m - Vm) • • ' (x m ~ Vj), 



which equals 0. If m = i + 2 then i' = i. By (a -2) ^ equals 

(Xi - x i+1 ) (x i+2 - y i+2 ) ■ (x i+2 - y i+3 ) ■ ■ ■ (x i+2 - yj) 



- ( id -<Ul)<i+2 [fa - ' • • fa ~ Vj)] 

--(xi - Xi+x) ■ (x i+2 - y l+2 ) ■ ■ ■ (x i+2 - yj) 

- ( id -°tUi) [fa ~ Vi+i) ■ fa+i - 2/i+a) • • • fa+2 
--(xi - x i+ i) ■ (x i+2 - y i+2 ) ■ ■ ■ (x i+2 - yj) 

~ {%i - Vi+l) ■ (Xi+2 - Vi+s) ■ ■ ■ ( x i+2 ~ Vj) 

+ (xi+i - Vi+i) ■ (x i+2 - y i+2 ) ■ ■ ■ (x i+2 - yj) = 



( 2 ) ( 2 \ 

Let 5^0 and s := min5. We have s > m > i' and thus l^m^ji 8 ) ~ H,i> gj( s ) 
h. By (b-2) Lemmas 13.1.21 and 13.1.31 and the inductive hypothesis, (x m — x s 
equals 

{x v - x m -x) (x m - y m ) u\*2- 2 (id-o-^) 9™, m , q ,j{S \ {s}) 

= ( id ~V°n,s) [fa' - x m -x) (x m - y m ) u\^-2 9m, m ,q,j ( S \ i s })] 

(id -^" 1 _ 1 )^ m (id -aff) g$ tqJ (S \ {s}) 
= (id -a^) [(x m - y m ) ( Xi> - x m .x) 42- 2 9%L gj fa \ {*})] 

- ^-a s +^(id-a^_xhT, m 9^, q ,jfa\ W) = (id-< s h )* 5Us} =0. 

Therefore =0 

Now suppose that i < k < m — 1 and we already proved , 1 = for any 
S c (m..j]. We set k := maxfe{i, ?'}. It is easy to see that u\ o k acts identically on 



Um and Xra — X x m . This operator also acts identically on g^ m j(S) 
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by Lemma r3.2.2l On the other hand, a ko k (x ko — y k ) = x k — yk- Therefore, 



<x ko - y k ) u^Lj g%] mtgtj (S) - (x k - y k ) t*f* fc Li 9m,m, q ,j{S) 



By |(b-2)| (x ko -x k )$l equals 

+(x m -i-* m )(id-<^ ff g^ 

= ( id [t 1 ™ - Vm) v-tk 9m,m,q,j( S ) + [x m -x - x m ) 9i 2 i, <g<j {[k + l..m] U S) 

+ 9$,, q , j ([k+l..m-l) U {m} US)- (id-^MX^ilk + l..m) U 5)] 
= (id-< )fc )$f +1 = 0. 
Therefore <I>f = 0. This completes the inductive step. 



(c) We apply downward induction on k — m — 1, . . . , i + 1 to prove 
(Xi - y i+ t) ■■•(x i - y k ) 9m,m,q,ji s ) = 9i%, q ,j ([fc-.m-l) U {m} U S) 

Let <&f denote the difference of the left-hand side and the right-hand side of this 
formula. The required equality will follow from $f +1 = 0. 

First, we consider the case k = m — 1. By (b-2)| [xi — x m ) equals 

(xi - x m ) ■ (xi - j/i+i) • • • (xi - y m -x) ■ g%] m>q>j (S) - (id-a^gf^^S) =: * 5 . 

We prove by induction on |5| that 'Q/ 5 = 0. By (a-2)| ^> equals 

(x 4 - x m ) ■ fa - y i+ i) ■■■(x i - y m -\) • (x m - y m +i) ■ ■ ■ (x m - y-j) 

- ( id - a i!m) [i x i ~ Vi+i) ■■■( x i~ Vm) • i x m - y m+ i) ■ ■ ■ (x m - y )] 
= (xi - x m ) ■ (xi - y i+ i) ■■■{x l - y m -i) ■ (x m - y m +i) ■ ■ • (x m - yj) 
-(xi - y i+ i) ■ ■ ■ (xi - y m ) ■ (x m - y m +i) ■ ■ • (x m ~ Vj) 
+(xi - j/i+i) ■■■(x i - y m -x) ■ (x m - y m ) ■ ■ ■ (x rn - y 3 ) = 0. 

Let 5^0 and s := minS. We have m < s and, therefore, l^m q j( s ) = 

4,m « j( s ) ~ : ^- By (b-2) Lemma [3X3] and the inductive hypothesis, (x m — a; s ) , J" S 
equals 

(xi - x rn ) ■ (xi - y i+1 ) ■■■(x i - y m -x) ■ (id-<r££)g%] mtqd (S \ {s}) 
-(id-< m )[(x m -x s ) ff « )W .(5)] 

= ( id [i x i ~ x m) ■ {Xi - y i+ l) ■ ■ ■ (Xi - y m _i) • g%] mt qj(S \ {s})] 

(id -< m ) (id -< s h )fl[l,,i \ W) 

= ( id [(^ - x m) ■ (xi - y i+1 ) ■ ■ ■ (xi - y m -i) ■ 9^] m>g>j (S \ {s}) 

(id-< m ) 5 ll«( 5 \ W)] = (id-< s ")* SUs} =0. 
Therefore ^ s = 0. 
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Now let i < k < to — 1. By the inductive assumption, $f +1 = 0. By definition, 
ts identically on any polynomial 

U (S) by LemmaEX! Therefore 



a ik 1 ac ^ s identically on any polynomial Xi — yt, where t = i + 1, . . . , k, and also on 



'i,k 
,(2) 



(id-^fe 1 ) [( x i - Vi+l) Vk+i) ■ g%] m , q ,j( s )] 

-.(xi - y l+ i) ■■■(x i - y k+1 ) g { ^ m>q>j {S) 

- (xi - y i+ i) ■■■{x i - y k ) ■ (x k - y k+ i) ■ g%] m , q ,j(S) 
--{xi - x k ) ■ (xi - y i+1 ) ■■■(x i - y k ) ■ g ( ^ m ^j{S). 



Applying this formula and (b-2) we get that (xi — Xk) $f equals 
(xi -x k )- (x t - y i+1 ) ■■■(x i -y k )- g^] m ^^(S) 
~ ^ -v&hSLj ([fc+l-m-1) U {m} U 5) 

= ( id -^fe 1 ) - Vi+l) ■•■(Xi- Vk+l) gm,m,q,j( S ) 

- + 1-™- 1 ) u {™i u s )] = (id-^W+i = o. 

So $f = 0. This completes the inductive step. 

|(d) | We have m + leS. Set T := S \ {rn + 1}. We apply downward induction 
on k = to, . . . , i + 1 to prove the following equality: 

(xi - y i+ i) ■■■(x i - y k ) 5m,m+i,gj({ m+1 } u T ) = fflm+i.^d*- 571 ) u U T) 

for any T C (to+1..j]. Let $^ denote the difference of the left-hand side and the 



right-hand side of this formula. Part (d) will follow from 3>E_ X = 0. By (b-2) 



{Xi X m ^-±) {x m X rn ^i) 

--(xi - x m+1 ) ■ (Xi - y i+ x) ■■■(x i - y rn ) ■ (}d-a^+\ +1 )g ( ^ m+lqo {T) 



We prove by induction on \T\ that ^ T = 0. By (a -2) "J -0 equals 
(xi-x m+ i) ■ (xi-y i+1 ) ■ ■ ■ (xi-y m ) 

x (id-cr™+j +1 ) [(x m -y m+1 ) ■ (x m+1 -y m+2 ) ■ ■ ■ (x m+1 -yj)] 

- (x m - x m+ i) (id -aV^U [(xi-y i+1 ) ■ ■ ■ {x l -y m+1 ) 
x (x m+ i-y m+2 ) ■ ■ ■ (x m+ i - yj)] 

=(xi - x m+ \) ■ (x.i - y i+ x) ■■■(x i - y rn ) ■ (x m -y m+1 ) 
x (x m+ i-y m+2 ) ■ ■ ■ (x m+ i - yj) 

- (xi - x m+ i) ■ (xi - y i+ i) ■ ■ ■ (xi - y m ) ■ (x m+ i-y m+ x) 
x (x m+ i-y m+2 ) ■ ■ ■ (x m+ i - yj) 

- (x m - x m+ i) ■ (xi - y i+ i) ■ ■ ■ (xi - y m +i) ■ (xm+i-ym+2) ■ ■ ■ (x m +i ~ yj) 
+ (x m - x m+ i) ■ (xi - j/i+i) • • • (xi - y m ) ■ (x m+ i - y m +i) 

x (x m+ i-y m+2 ) ■ ■ ■ (x m+ i - yj), 

which equals 0. 
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(2) 



Now let T ^ and set t := minT. We have t > m + 1 and therefore 
im+i q =: ^- By (b-2) Lemma 13.1.31 and the inductive hy- 
- equals 



pothesis, (a; m +i 



(a* - x m+1 ) • (xi - y i+ i) ■■■(x i - y rn ) ■ (id-cr™^ +1 ) [{x m+1 - x t ) g%] m+ltqd (T)] 

=fa-z m+ i) ■ fa-J/i+i) ■ ■ ■ (^-y m )(id-<^ 1 )(id-a^ + \ i j£ ) m+1>w .(T\{t}) 

- (x m - x m+1 ) ■ (id-<+^) (id -o*tf M ) 9 { Sn +1 ^{T \ {t}) 
= (id-^ M )* nW =0. 



So fy T = 0, and we have proved $^ = for any T C (m+l..j]. 

Now let i < k < m. By the inductive hypothesis, = for any T C 

(m+L.j]. By definition, crf^ 1 acts identically on any polynomial Xi — y r , where 
r = ... ,k, and also on g^ m+1 q j ({to+1} U T) by Lemma [3. 2.21 On the other 
hand, a i ^ k 1 {xi - yk+i) = x k - Vk+l- So 



(id-^ 1 ) [fa ~ Vi+l) ■ ■ ■ fa " ifc+l) ■ Cm+l, q Ai m+1 } U T )] 
=fa - y i+1 ) ■■■(x i - y k+1 ) ■ 9m] m +i,q,j({ m + 1 } u T ) 

- fa - y i+ i) ■ • • fa - y k ) ■ (x k - y k+1 ) g%] m+1>q>j ({m+1} U T) 
={xi ~ x k ) ■ (xi - y i+1 ) ■ ■ ■ (xi - y k ) ■ 3™, ) m +i,gj({ m + 1 } U T). 



Hence by (b-2)| (xi — x k ) equals 



(xi - x k ) ■ (xi - y i+1 ) ■ ■ ■ (xi - y k ) ■ g^] m+hq>j {{m + 1} U T) 
- (id-a^ 1 ) + l..m) U {m + 1} U T) 

Kid-^l 1 ) [fa " Vi+l) ■ ■ ■ fa " Ife+i) ' ({™ + 1} U T) 

" sS+i >w -([A + U {m + 1} U T)] = (id = 0. 



So $^ = 0. This completes the inductive step. 



(e) We apply downward induction on r = m — 1, . . . , i + 1 to prove 



( Xi - y i+x ) ■ ■ ■ fa - y r ) ■ g% ktqtj (S) + g^ ([r..m - 1) U {m} U 5) 
+ (x m -i-x m )g$ tqtj ([r..m]\JS) = ffg, w -([r..m) US). 
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Denote by $f the difference of the left-hand side and the right-hand side of this 
formula. Part (e) will follow from ®f +1 = 0. By (b-2)[ (xi — x m -i) &m-x ec l ua l s 



(2) 

(xi - x m -i) ■ (xi - y i+ i) ■■■{x l - y m -x) • 9 m ,k,q,j( s ) 

+ (x~x m ^) ({™} U S) + (x m _ rIm ) (id -< m _i) ff g ?J ({m} U 5) 

-(id-a.VOflg,^^) 
=(a;i-a; m _i) • (xi-y i+ i) • • • (xi-y m -i) ■ g^^S) 
+ [{xi-x m -i) + (x m -i-x m )]gl 2 l q j ({m} U S) 

- <™-i [(xi - x m ) gW gtj ({m} U 5)] - (id -< m _0 <?g, ?ji (S) 

=(xi - x m _i) ■ (xi - y i+ i) ■■■{x l - y m _ x ) • g% t k, q ,j( S ) + (id- '™™ 1 ) 9i% q ,j(S) 

- < TO -i(id-<+ 1 ) flS, w -(S) ~ (id-< m -r) sS )W -(5) 

=(x, - x^,)^, - ■ • • (a* - y m -i)ffS fc , g)J .(5) - (id-tr^O^+^g^fS). 

We denote the last expression by X P S and prove by induction on \S\ that VE' 5 = 0. 
By |(a-2)| * equals 



(xi - x m -i) ■ (xi - y i+ i) ■■■(x i - y m -i) ■ (x m - y m +i) ■ ■ ■ (x m - y k ) 



x (x k - 


- yk+x) ■■■(xk- Vj) 












-(id- 




+0- 


■ (xi - yk) ■ (xk 


- yk+x) ■ 


■ (Xk - 


Vi)] 


[Xi x ra 


_l) • (Xi-J/j+i) • • • (Xj- 


~Vm- 


i) 








X [Xm, ' 


- 2/m+l) ' ' ' {x m - yk) 


(Xk 


- yk+x) ■ ■ ■ (xk - 


-Vj) 






-(id- 


°"™m-i) [te - 2/1+1) • • 


■ (Xi 


- Vm) 








X [Xm ' 


- 2/ro+l) ■ ■ ■ (Xm - yk) 


{Xk 


- yk+x) ■ ■ ■ (xk - 


■%)] 






{x% Xm 


-x) ■ (xi-yi+i) ■ ■ ■ (xi- 


-Vm- 


x) 










- Vrn+x) ■ ■ ■ (X m - yk) 


[Xk 


- y k +i) ■■■(x k - 


■Vj) 






- (aii - 


Vi+i) ■■■{xi- y m ) ■ (x m ~ 


2/m+l) ' ' ' {Xra 


yk) ■ (x k 


~ Vk+x) 


■■■{xk 


+ (Xi - 


Vi+x) ■■■{xi- y m -x) 


[Xm 


— 1 ~~ Vni) ' {x m — 


' Vm+x) ■ ■ 




Vk) 


x - 


- yk+x) ■■■{xk- Vj) = 


0. 











Now let S ^ and s := min S. Since s > m, we have l r J k .{s) — l\ I -{s) =: 
h. Moreover, set sq := max s {i, k}, s' :— max s {m, k}. Take any polynomial g € P. 
If s > k then we have sq = s' = k. Therefore, applying Lemma |3.1.3[ we get 

(id --r^K^ 1 [(x S0 - x.) g] = (id -< ro _0<+ 1 [(xk - x.) g] 
={x k - x.)(id-*Z m _ 1 )v#; 1 g= (x s , - x s ) (id-< m _ 1 )<+ 1 g, 

(id-a™„_>,™+V^ = (id-< m _ 1 )<+ 1 </ 
=</(id-< rn _ 1 )<+ 1 = ^( id -C-i)C' 
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3. SOME POLYNOMIALS 



If s ^ k then so — i and s = m. So, applying Lemmas 13.1.21 and 13.1.31 we get 



(id _(7 Sn-l) '™m IV" >n 



, ..: - [(x So - x s ) fl ] = (id -< m _ x )C +1 [(x 4 - x s ) 5 ] 



= (id-< m - 1 )[(^-^)<+ 1 3] 



=(x m - a:,) (id-^ m _ 1 )cr^+ 1 5 = { X< - x.) (id -< m _ 1 )a™+ 1 5, 



s +fc m+1 



(\A—rr m \ l r m+1 n s+h 
\ m a i,m-l) a t ,m a i 



= (id- 



i,m—l J u m,s u i,m 



r S + h 



(id -a* 



m+1 



s+h 



(id -<„,_>. 



m+1 



In either case, we have 

(id-^)^ 1 ^ -x.)g] = (x s ,-x s ) (id-a^a^g, 

(id-< ro _0<^<s = <"(id-< ro _ 1 )<+ 1 . 
By these formulas, (b-2) and the inductive hypothesis, (x^ — x s ) ^> s equals 

(xi-x m -i) ■ [xi-Vi+i) ■ ■ ■ (Xi-y m -i) ■ (i d -vt^)9m,k } qj( s \ I s }) 

(id-^^X 1 (id-<J)*& airf (S\{,}) = (id-<S)^ {s} = 0. 

Hence ^ s = 0. We have proved $ m _i = f° r an y ^ c ( TO --i]- 

Now let i < r < m — 1. By the inductive assumption, < f ) f +1 = for any 
S C (m..j]. By definition, cr^ 1 acts identically on any polynomial Xi — yt, where 

t = i + 1, . . . , r, on x m -i — x m , and also on g m k q j(S) by Lemma [3.2.21 On the 
other hand, we have er^ (x, — y r +i) = x r — y r +i- So we get 

(id -crip) [(Xi - y l+1 ) ■■■(x i - y r+1 ) ■ g^] k>g>j (S)] 



--(Xi - y i+1 ) ■■■{x i - y r +i) ginkniiS) 



{x^ - y i+1 ) ■■■(x i - y r ) ■ [x r - y r+ i) g%] k „AS) 



=(Xi - x r ) ■ ( Xi - y l+l ) ■■■(x i - y r ) ■ g^ qJ {S). 
Applying these formulas and relation (b-2) we get that (xi — x r ) $f equals 



[xi -x r )-( Xi - y l+ i) ■ ■ ■ (Xi - y r ) g%] k , g ,j( S ) 



+ (M-<tf 1 )gl% 9tj ([r+l..m-l) U < m > U S ) 



+ (x m -! - x m ) ■ (id-a^ 1 ) g?l qJ ([r+l..m] U S) 



-(Ul-*l+ 1 )gW qJ ([r + l..m)Ulf) 

= (id [(xi - y l+1 ) ■ • • (xi - y r +i) ■ g. 

,( 2 ) 



(2) 

m,k,q,j 



(S) 



+ 9tLi ([r+l..m-l) U {m} U 5) + (a m _i - x TO ) ff g> ([r+l..m] U 5) 



-ff!L([ r+Lm ) uS )] = (id-O*H-i = - 
So $^ = 0. This completes the inductive step. 



□ 



CHAPTER 4 



Raising coefficients 

Let 1 ^ i < j ^ n, e £ {0,1}, M be a signed (i..j]-set containing either j 
or j and let 6 : [i-.j) — > {0,1} be a function. By the triangular decomposition 
Ui{n) — U%(n)U%(n)U%(ri), there exists a unique Ff '?(M) € U%(ri) such that 

(4.1) Ef ■ ■ ■ Ejfi Sfj (M) = i?/(M) (mod/+ J) ) . 

We refer to P^'j(M) as a raising coefficient. The aim of this section is to calculate 

Pi'j(M) for all M as above with at most one odd element — this is all we need for 
Chapters [H and [7J 

It turns out (see Lemmas 14.2.11 and 14.3.11 below) that the raising coefficients 
can be expressed via polynomials glj(S) and gfl q j{S) introduced in Sections 13.31 
and 13.41 To do it, we need a ring homomorphism [] : P — > U^(n) such that 

[a*] = Hi(Hi - 1), luij = (Hi + l)Hi (1 < i < n), 

(other variables will not appear, so for them [] can be defined in an arbitrary way). 
Thus, for example, [a;* — XjJ = C(i,j) and \xi — yj\ = B(i,j). 

We denote by xf the function : {i} —> {z} on the one element set {i}. If / 
and g are functions on disjoint sets S and T respectively, then / U g denotes the 
function on S U T taking value f(x) at x G S and value g(y) at y G T . 

4.1. Inductive formulas 

Applying Lcmma [2.2.4tlivl) .(|il|. we get 

sf ■ ■ ■ E^sum = (-1)^-^' • • • £fcx+!r ({pi}) 

= ■ ■■E^S^ +S ^((T2}) = - . = E^S e +lr + - +S ^({i+l}) 
= flf+*i-i+-+* _ (-l)*(^-i+"-+*+0fl^^-i+-"+*( mod 7+_ i) ). 

Thus: 

(p-i) p- 5 ({j}) = jr* +E4 - ( _i)^+i:%.,))^p. 

Applying Lemma l2.2.2[|ivl) . (lull, we get 

^ • • • < , S.jij]: = Ef*..- E^iS^iij-l}) 
= E*< ■ ■■E}_-iS%%-i +5 *->({j-2}) = • . . = Sf^t + 5 r I+ - +5<+1 ({i+1}) 

= ©<5 i=e +5 3 _ 1 +---+5 i+1 S(i,i + 1) (mod/jl 
Substituting <5j + • • • + <5j_i for e in the exponent of —1, we get 
(P-2) P5/({i}) = © E5=EJ B(i,i + l). 
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4. RAISING COEFFICIENTS 



Let minAf = i+ 1 < j- Then by (|S-3|) , we have modulo J,t «: 
xE^---E^S^(M {l+1 ., ] )+ (-l) CT(l+l|M|l) ^(M\{m})^ 

7+<r=e 

+ E (-ir (i+l|M|l) pj/ (aa {i+T}) ff?. 



7+cr=e 



7+cr=e 



Thus, if min M = i + 1 < j, then we have 

P^'j(M) = E (-l)^( 1+E+ ll M c i + 1 ^ll)+^^ 5 l( i ^P^+ l f } ({i+T}) 

(P-3) 7+CT=£ 



; ^-- 5 (M (m .., ] )+ E (-l) CT(l+l|M|l) ^/(M\{z+T})Hf. 



f,<5|(i. 

7+cr=e 

Let min A/ = i + 1 < j. By p£i]) .(P-2). and Lemma [2XT1 modulo we 
have 

7+cr=e 

= E (-i) 7(i+£+p%+i - ill)+7E% - j >^ 

7+cr=e 

+ y^(_i)7(i+e+iiM (i+1 .. i] ii)+ 7 E«i(i+i..j)£;*< (-i) 1+(5i+1+4)7 sf 4+1 ({m}) 

7+o-=e £+ T =7+<5 i+ i 

x^ + i4; + 2 2 ■ ■ ■ ^r/Si+^-CM^!..,.]) + j*/(M \ {m» c(*,i+i) 
= E (-i) 7(1+E+l|M(i+1 - ]ll)+7E% ^^ 

7+cr=e 

y (_l)(?+^+'5i+i)(i+e+PAi+i.-i]ll + ^' 5 l(i-. J )+«) 

x4S ,, ({W})i^f i|( - +1 -' ,) (M (l+1 ., | ) + ^(M\ {i+l})C(i,i+l). 
Thus, if min M = i + 1 < j, then we have 

f£/(M ) = (-1)^(^+11^/^,,, E 5| (i .,^ ( . ) . + 1)p e+ i yi(,.,, (M( . + ^ . ]) 
(P-4) E (-l)«^ + ^ 1 H l ^ll M c«+i..flll+E«l( 4 ..i)^)^W({5+i)) 



4+r+<r=e+<5, 



+ i 



Let i + 1 < minM = m < j. Then by (|S-5[) . we have modulo /ft" 
i% a (M) = E (-l) 7(l+£+l|Mcm - lll)+7E5|[m -^f < ---<r i 1 ^({m}) 

7+cr=e 

x^- • • ■ i^ 1 ^ {M (m .. 3] ) + P*f (M-^—) . 



4.2. THE CASE OF SIGNED SETS WITH ONLY EVEN ELEMENTS 
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Thus, if i + 1 < min M — m < j , then we have 



(P-5) 



7+cr=e 



^■ 3, (^(™..,])+^/(^— ) 



Let i + 1 < min M = m < j. By (|S-6[) . we have modulo /jf ^ : 



7+cr=e 



X£, m+1 



Moreover, by Lemma \2. 2 .11 and (P-2), the first sum is equal to 



x e (- l ) 1+(^m+^)7 ^! m ({^})^<T^••^fc I ^,i( M (-.i]) 



^ ( -i)^+iiM (ro ..,ii + £ai^ 



7+cr=e 



C+r=7+<5 m 



7+<r=e 



£ ( _l)<e^Xx^||* (m ..a^^ 
C+r+o-=e+(5 m 

Thus, if i + 1 < minM = m < j, then we have 



(P-6) 



V" (_l)(f+^+<5m)(i+£+l|M'(m..j]ll+E«l[m..i)+fl 



f+T+cr=e+5 m 

xP^ l[< - ) ({m})P^f U5|( -^(M (ro .., ] ) 
+P i f/(M ro ^ m _ 1 ) + P^/(M \ {m}) C(m-1, m). 



4.2. The case of signed sets with only even elements 
Lemma 4.2.1. If M consists of even elements then we have 



Plf(M) 



g%{(i..j)\M) 



Proof. Induction on htM. In the base case M — {j}, by Lemma [3.3.11 we 
have 

[g?J((i..j) \ M)] = [^((i-i))] = N - W+i] = B(i,i + 1). 

To obtain the required result, it remains to apply (P-2). 

Now suppose that M ^ {j}. Set m := minAf. Then i < m < j . 
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4. RAISING COEFFICIENTS 



Case 1: m = i + 1. By (P-4) and the inductive hypothesis, P^j (M) equals 

( _ 1) ^(x +e+E5 | ( ,. j) ) 5( . ) . + 1)@£+5i=Ea|(s ^ [ fl W ji ((i+l..i)\M (<+1 .. jl ) 
- £(-l)(^ + 0(^+l|M (i+ ,.,|| + E%^^^ 

C+r+cr=e+i5 i + i 



x |j, ( ; ) liJ (( ! +i..j)\M (j+Lj] ) 



<?g((M)\(M\{i+l})) 



In the middle term, we can assume that £ = e + ^2 an d sum over r and <r 

such that t + a = Y^^\(i+i-j)- We get 

)s B(i,i + 1) \ M {1+1 .. 3] ) 



T+ff=E%+l..j) 



W£ =E< 



+® E .E S [flS((<»i)\(^\ {<+!}))] C(i,<+1). 
The middle term is zero, and by Lemma \3 . 3 . 2 1 applied to S = \ M, we get 



=E« 



S$((i+l..j)\M) 



=E* 



g$((i..j)\M) 



Case 2: m > i + 1. By (P-6) and the inductive hypothesis, P^'j(M) equals 

(_l)E*l[i..m)(l+e)+E*l[i..m)E*ltm..J5B( iji+ l) 

X© E +E*l[i.. m) =E'5|[ m .. J ) [ffm,j(( m "j) \ M (m..j])] 

^ (_l)K+T+»m)(l+s+||Ar( m .Jll|+E*l[m..fl+Oi^^l[*»'»)({^}) 
£ + T + er = £ + <5 m 



x(it 



*l( m .. 3 ')||5m!i(( m "i)\ M (m..j]) 



=E« 



ff g((i..i)\M m ^ m _!) 



9%((i..j)\(M\{m}))l C(m-l,m). 

In the second summand, we can assume that £ = e + ^2 5\ \ m ..j) an d sum over r and 
a such that t + a = J2 &\(m..j)- We get 

Plf(M) = © e=E ,B(i,i + 1) [<?S((m..j) \ M (m ..,]) 

- E (-i) e+E5|( ^ )+T ^? 5 ^ 

T+o-=E"5|(m..j) 

+®e=j:s( [g^{(L.j)\M m ^ m ^)] + [ 5 g((M)\(M\{m}))] C(m-l,m)). 

The second term is again zero as in the previous case. Thus by Lemma [3.3.31 applied 
to S = (m..j) \ M, 

Plf(M) = © e=E , [(*, - y i+1 ) 5 «.((m.j) \ M) 
+gQ((i..m - l)U{m}U((m..j) \ M)) + (x m _i - av») 4? ((»••"*] U ((m..j) \ M)) 



; e=E<5 



5 W((i.m)U((m..j)\M)) 



== E« 



S((i-J)\A0) 



as required. 



□ 



4.3. THE CASE OF SIGNED SETS WITH ONE ODD ELEMENT 
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4.3. The case of signed sets with one odd element 



Lemma 4.3.1. If q £ M is the only odd element of M, then setting X(i,q,M) 
{k e [i..q] \ M | k-1 e M U {i-l, i}}, we have 



&LA(i.-3]\M) 



H, 



p-f(M)= (-i)® fc >'+( i+£ +E<5)E% 

keX(i,q,M) 

Before we prove this lemma, we establish the following auxiliary fact. 

Proposition 4.3.2. Let N be a signed (m..j]-set, containing either j or j, and all 

of whose elements are even except q. Let £,£ € {0,1} and 5 : [m..j) — > {0,1} be a 
function. Suppose that Lemma \4-3.1\ holds for P^'j (N) for all s' and 5' . Then: 

(_i)(?+^+' 5 m )^+5:'5i [m .. 3 )+?)p^^u5| (m .. J)( ,^ 

T+a=e+S m +(, 



2© 



«=e+£<5|[ 



9 { l]m, q ,M m ~A\ N ) 



H„ 



PROOF. We substitute for p^"- uS ^ m -^ in the left hand side its expression 
given by Lemma 14.3.1 1 This expression is a sum over k £E X(m, q, N). If k > m we 
get the following contribution: 

(_i)(«+ r + <5 ™)( £ +i:' 5 i[™.- J )+«)+i+(i+^+i:x™u5| (m .. J) )(E(x^u5| (m . _ k) ) 

r+(7=e+5 m +S 



9%] k , q j((rn..j]\N) 



H 



V" (_ 1 )(«+r+5 m )(e+E5| [m .. j) +C) + i+(i+ CT +r+E <5|( m .. i ))(^+E'5|(m..A,)) 
T+<r=e+S m +£ 



<y+T+J28\ 



(m..j) 



V" (_l)(£+T+*m)(e+E«l[m..^+0+l+(l+e+€+E «l[m..i))(r+E«l(m..*)) 
T+a=e+5 m +£. 



&^A(m..j]\N) 



h: 



e+e+E*l[m..j) 



It is elementary to check that this sum equals zero. 
If k = m, we get the following contribution: 



(_ 1 )(e+T+«m)(e+E5|[m..j)+«) 

r+<7=£+5 ro +^ 



<ff m ,™(K-j']\^) 



H, 



[m..j) 



= 2© 



E-5| [m .. J )+e+«=o 



5L 2) m , 9J (Kj]\iV) 



□ 



Proof of Lemma 14.3.11 We apply induction on ht M. 

Case 1: M = {]}. Then q = j, and the required result comes from Lemma l3.4.1l 
and (P-l). 

Case 2: q = i + 1 < j. In this case j <E M. By (P-3), (P-l) and Lem- 



mas EX]] GOLD for S = (i+l..j) \ M, we get that P-f(M) equals 



^(-ir(^^-^)^>({i+i})©^ E ,| [l+ ,. 3) W^+^w^) 
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4. RAISING COEFFICIENTS 



g$((i..j)\(M\{i+l})) 



7+er=£ 

( _l ) (M-E«l(^)(x-^E*l (( . J ,) J ^E'lc^.'l« ({7T T}) LW J (( J+ 1.,)\M) 



A/ 



gW({i + l}u((i + l..j)\M))]H^ 5 



o (1) 

i/i+l 



jftt+W) \ M) + g« ({z+1} U \ M) 



H 



_(_l) 5 '( e +E<5|(».. 3 ) 



«&U(i+l..j)\M) 



5lM+i4 {m}U ( (i+1 -- J )\ M 
+(-l) lW(l+£+Ei) [5?ii,i+i,i({i+l}U ((i+M)\M)) 



<?SW(M\M) 



E<5 + /_ 1 )i+5 i (l+ £ +E5) 



i+1 

e+E<5 
i+1 



Case 5: i + 1 = minM < j. In this case g > i + 1. By (P-4), we have 

^/(M) = (-l)^^ 5 l<-^)i3(z, i + l)^f l( --'(M (j+1 .. j] ) 



«e{o,i} 



+^/(M (i+1 .. i] )C(i,i+l). 
By Proposition 14.3.21 with m = i + 1 and (P-l), the second summand equals 
_ 2 ^+E% + ,,>A + \ M( i+1 .j])| 

= _ 2 (i^-(-l)C*+£% + w 3 )^ 

Now, using the inductive hypothesis, we gather the "coefficients" of H? + , 
Hit? H "+P S and ^fc +E 5 for fc > * + 2. 
The coefficient of 5 is 

+ [sS!w(( i "J']\ M (<+i--i])] c(m+i) 

= - y i+ i)gf^ i+l q j {{i+l..j]\M) 

+( Xi - x i+1 )gl 2 ) qtj ({i+l} U ((£+l..j]\M))1 = W qJ ((i+l..j}\M) 



-2H-, 



i+l 



where the last equality comes from Lemma r3.4.3;(a)| with S — \ M . 

Using Lemma I3.4.3^b) | in the last equality below, we see that the coefficient of 



H £+I25 is- 



-2H; 



I+l 



i + I) [gl%, i+hqd ((i+i..j] \ M (l+1 .. 3] ) 
ffi+M+w^+M \ - C(i,i+l) [g^ +hqj ((t..j] \M (i+w] )]) 



4.3. THE CASE OF SIGNED SETS WITH ONE ODD ELEMENT 

= (-l) ff i( e +£%..*5)(7(i,i+l) 

-,( 2 ) iin^ aw fl/n _ S 2 ) 
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9m,, + i, 9J ((»+l"j1\^ - ff$.i (W -({<+l}U ((i+l..j]\M)) 



0. 



Using Lemma 13. 4.3^c)[ we see that the coefficient of H^^ S is: 



(xi - y 4 +i)g-+i i4+2 , gj ((i+i-j] \ M) 



>i+24M 



(_!)!+(!+£+£ <5)(<5;+<5;+i) 



. (2) 



Finally, using Lemma I3.4.3^d)| we see that the coefficient of S (where 

fc > i + 2) is: 



fc £ (i+2..g]\M 
fc-1 6 M 

+ £M) 1+(1 

fc e (i+2..q] \ M 
fc-1 £ M 



«i(e+E *l«..J))+i+(i+e+i; 5) E <5| 



(^- 2/i+1 ) 5 £ ) life „,((i+l..i]\M) 



(a* - zm)<?S,gJ u \ M )) 



+e+E«)E<%.. 



fc £ (i+2..q] \ M 
fe-1 6 M 



(x i -y i+1 )g < $ ltktqJ ((i+l..j} \ M) + U ((i+l.j] \ M)) 



E 



+(i+ e +E<5)E*lr 



fc e (i+2..q] \ M 

fe-i e m 



Summarizing, we have 
IT ,(2) 



i? 



e+E-5 



(•_l)i+(i+£+E<5)(<5*+<5*+i) 



9M+2, gj ((*+l-j]\^) 



e+E<5 
i+2 



+e+E<5)E<5|[ 



if 



-E<5 



fc € (i+2-. 9] \ Af 
fe-1 6 M 



As (i+l..j] \ M = \ M, we get the required result. 

Case 4 : i + 1 < Q = minM < j. In this case j € M. By (P-5), Lemma T4.2. II 
and the inductive hypothesis, we get 



EM) 



_i\®k>i-i+(i+e+E*)£%..i« 



e+E* 



fe e [»..,_!] xat-^—j 



In the last sum, the summation parameter fc can take only two values i and i+ 1, 
as fc— 1 € M-^.^- U {i— holds only for these values. Hence, by Lemma [3.4.41 
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4. RAISING COEFFICIENTS 



applied for S = (q..j] \ M and (P-l), P-' 5 (M) equals 



( _i)( e +j:*i [l ..«)(x+ 8 +5:«i [ ,.. J ))iy;+EV.i).«i[ i .. 9 ) ({ g }) D^.^m^) 



ffSg-lj((*-j]\ M ^— ) 



+(-1) 



i+(i+e+E*)*< 



1+1 



H 



+ (-1) 



gS((q..j)\M)+g^ q _ hj ((i..j)\M) 



(2) 



_i\i+(l+£+E'5)'5» 



+ (-1) 



ff2(ta-j)\M)+ Sl ( ,l 1 ,,_ lj (( ! ..j)\M) 



E+E* 



+ (-1) 



S-i,„((M\M) 



i? 



i? 



e+£<5 
i+1 

£+£<5 
i 

£+£« 
i+1 

e+£<5 
i+1 



get 



Case 5: i + 1 < minM < q ^ j. We set to := minM. By (P-6) and (P-l), we 

- E ^' [ - m) ({-}) E (-l)^ + ^)^S^I [m .,,+Op : -f U5| <-'(M ( „,,,) 

?6{o,i} r+<7=e+(5 m +C 

By Proposition 14.3.21 the middle summand equals 



+P i s f (M m ^ m _i) + P i £ f(M \ {to}) C(to-1,to) 



= -2(i?r E5 - (-i)*^^.,,)^*) [ 9 ^ qJ (( m ..j] \ M (m .,,) 



2 if, 



e+E<5 



fl , m!m,g,i(( m "j']\ Af (m..j]) 



ffm 



Now, using the inductive hypothesis, we gather the "coefficients" of H^ + ^ S , 
H£f 5 , 6 , fl££ S and f ^ 5 for fc > to + 1 . 

The coefficient of H - +I2 5 is 

Plf(M) = -2H m [£; m ,,j((m.j] \ M ( „,.,])] + [<?g«((M] \ 

+C(to-1,to) \ ( M \ W)) 

= [(a™ - y m ) flS m , gJ ((m..i] \ M) + ff g ffJ ((*..m-l) U {to} U ((to..j] \ M)) 
+ (x„ l _ 1 - aBm ) fl g;, ii ((i..m] U ((to.j] \ M))] = U ((m.j] \ M)) 

where the last equality comes from Lemma f3.4.^(a)[ 



4.3. THE CASE OF SIGNED SETS WITH ONE ODD ELEMENT 



Using Lemma l3.4.qTb)| in the last equality below, we see that the coefficient of 



ff£n )W '(( m "j]\ M (m..j]) 



( _ 1) x+(x+ e +E5)5*^_ 2 JJ, 
+ ©i+l<m-l 

+C(m-l,m) [gS +1 , q!j ((i..j] \ (M\{m» 



j ( (M] \ M mM . m _i) 



= (-i) 1 +( 1 + £ +£' 5 )' 5 * 



/j+Km 



k ~ Vm) 9m,m,qj (( m -j\\ M ) 

i9i%i, q<j ((i-m-l) U {m} U ((m..j]\M)) 

+ Om-l - %m) 9i%i, q ,j ((i»m] U ((m..j] \ Af)J 

( _ 1)1+(l+£+E5)5i [ 5 « +1(4ii ((i.. m )u((m..j]\M))] . 
Using Lemma I3.4.£|(c)| in the last equality below, we see that the coefficient of 



i^ +E5 is: 



( _ 1) £%.. m > £ +£%.. m >£*l lm .,, jB(M + 1) g% m ^((m..j]\M {m .. j] ) 



(2) 



+ ( _ 1) x + (x + e +E5)E5 | [ ,. m) ^ ((,.,] ^^i) 



(-1) 



X+(x+ S +E5)E<5|[i..m) 



0* - 9m,m,q,j ({ m -j] \ M ) 



+9i%, q , j ((i-m-l) U {m} U ((m..j]\M)) 



= 0. 



Using Lemma I3.4.^(d)| in the last equality below, we see that the coefficient of 



'm+l 



is: 



l^M(-l) E ' 5|[l - m,e+I:,5|[ *- m)E ' 5|[m - j)+1+(l+e+2: ' 5) ' 5m S(«,« + l) 



flm,m+l,w(( m "j1\ M ("*..j]) 



\x+(x+ e +s;5)E*i[i. 



(ii - yi+i)g. 



(2) 

m,m-\-l.q,j 



((m..j] \ M) 



* m+l 



-i^m(-I) 

. 1 ^(-1) 1 +(^+E 4 )S«I[«..« + d [ 5 g m+1 ^((i. m )u((m.j]\M)) 
By Lemma jglge)] we see that for k > m + 1, the coefficient of iJ fc is: 

(_l)E*l[*..m)S+E*l[i..m)E*ll»..i) + 

E(- 1 ) 1+(l+£+Ei)E5|[m -i&, g , i ((rn..i]\M (m .,. ] ) 

fc S (m+l..g] \ A/ (m jj 
fc— 1 £ M( m ,ji U {m— 1, m} 

^ ( _l)x+(x+ 6+ E«)E«li ( .. fc) [^((.^IW,) 

.-«] \ Af mM . m _j 
_> m _l U 

-<7(m-l,m) ^(_i)-+(^+E*)E*l I ,. fc) [^.((i.-j] \ (M\ {m})) 



fc S (m + l. .q] \ M mt _ >m _ 1 
fc-1 6 M m _> m _i U {i-l,i} 



fc E (m+l. .9] \ (M \ {m}) 
fc-1 6 (M \ {m}) U {i— 1, i} 
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fe e (m+l..g] \ M 

£ M 



(a* - y l+1 ) g^ k q j ((m..j]\M) + g<$ q 3 ((*..m-l) U {to} U ((m..j] \ M)) 

- x m ) ((i-.m] U ((m..j] \ M 

£ (-l)^+^%-> [^((i.-m) U ((m..j] \ M)) 



fc £ (m + l..q] \ M 

fc-i e m 



Note that (i..m) U ((to.j] \ M) = \ M, since m <G M. Hence and from the 
above formulas we get 



Plf(M)= 9 ™ qJ ({i..j]\M) 



+ (_!)i+(i+e+E<5)<5. 

+ © m+ l^M(-l) 1+(l+£+E5)2:5|[ - +1 ' 
+ 



k e (m + l..q] \ M 
fc-1 S M 

which is exactly the required formula. 



ffS+W ((M \ M ) 

&j((<-i]\^) 



e+£<5 
i+1 

£+£<? 
m+1 

+ E<5 



□ 



CHAPTER 5 



Combinatorics of signature sequences 



5.1. Marked signature sequences 

A signature sequence is a finite sequence with entries + or — . A marked signa- 
ture sequence is a finite sequence with entries of the form +j or — j with i e Z. We 
refer to as a "+" marked with i and similarly for — . Here is an example of 

a marked signature sequence: +1—2- When convenient, we will ignore marks and 
consider a marked signature sequence as just a signature sequence. Given several 
marked signature sequences w\ , . . . , w n we denote by Wi . . . w n the marked signa- 
ture sequence obtained by the concatenation of Wi, . . . , w n . We denote the empty 
sequence by 0. 

Our signature sequences will usually arise from the following set up. Let / be a 
finite subset of Z and u be a map from / to the set of signature sequences (usually 
each u.i will be a one-element or a two-element sequence). If J = {ji < • • • < j m } 
is a subset of /, we denote by Jl ig j Ui the marked signature sequence Uj 1 ■ ■ ■ Uj m , 
where we mark the entries of each with k. We will also abbreviate Y[ u = Yiiei u i- 

Let u be a marked signature sequence. The reduction of u, denoted [u], is the 
marked signature sequence obtained from u by successively erasing all subsequences 
— h (whatever the marks are). We point out that this definition is different from 
the one used in the Introduction (where we were erasing + — 's instead). The reason 
for this discrepancy is that in the Introduction it was convenient to read off the 
signature sequence of a partition (Ax, A2, . . . ) going from bottom left to top right, 
while in the main body of the paper we are going to read off the signature sequence 
of a weight (Ai, . . . , X n ) starting with Ai and continuing onto A n . 

We will use the well-known fact that the reduction is well defined, that is, it is 
independent of the order in which one erases subsequences — h: 

Proposition 5.1.1. The reduction of any marked signature sequence is well de- 
fined. 

Corollary 5.1.2. For arbitrary marked signature sequences u,v, we have [uv] — 

[[«]«] = [«[«]] = [MM]. 

It is also clear that the reduction [u] is always a sequence of +'s (possibly 
empty) followed by a sequence of — 's (possibly empty) : 

Proposition 5.1.3. If u contains a symbols + and b symbols — (with whatever 
marks), then [u] = + s — r (with some marks), where s — r = a — b. 

Corollary 5.1.4. Let I be a finite subset ofl and u : I — > {0, , H — , H — h} with 

[Hu] = + s - r . Then s - r = (mod 2). 

Definition 5.1.5. Let J be a finite subset of Z. A flow on / is a set of pairs 
T = {(ai, &i), . . . , (ojy, bff)} satisfying the conditions (1)||(3) below: 



5o 
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(1) at, bt, . . . , ajsf, bjsf belong to I; 

(2) at, . . . , aw are all distinct and 6i, . . . , 6jv are also all distinct; 

(3) afc < bk for any k — 1,.,.,N. 

If, instead, T satisfies (1)| (2) and (3') below, then we call it a weak flow. 



(3') a k b k for any fc = 1, . . . , N, 

By a graph we mean a set T of pairs of integers, called the edges of T. If 
E = (s, t) is an edge, then s is its source and i is its target. We also say that E 
begins at s and ends at i. All of this applies to flows which are examples of graphs. 

Definition 5.1.6. Let u be a map from / to the set of signature sequences. A 
weak flow T on / is coherent with u if the following conditions | (4) | and |(5) | hold: 

(4) if an edge of T begins at a, then u a contains — ; 

(5) if an edge of T ends at b, then Ub contains +. 

Moreover, T is fully coherent with u if, in addition to |(4)| and |(5)| the following 
condition |(6)| holds: 

(6) for any b € / such that contains +, there exists an edge of T ending at b. 
Finally, an element c G / is a bud of T with respect to u if: 

(7) no edge of T begins at c; 

(8) u c contains — . 

From now on until the end of the section / is a finite subset of Z. 

Lemma 5.1.7. Let u : I —> {0, — , +} be such that [J\ w] = — m ■ Then there exists 
a flow on I fully coherent with u and having exactly m buds with respect to u. 

PROOF. By assumption, 0's and pairs — h can be 'erased' from J7u so that 
the sequence — m is left. Let the ith pair we have 'erased' be — ai +bi- Then 
{{at, bt), ■ ■ ■ , (oat, bjy)} is the desired flow. □ 

Lemma 5.1.8. Let u : I — > {0,—,+} be such that [J1 M ] contains at least one +. 
Then there exist a beginning J of I such that [Y\ ie j ui\ = + and a flow T on J 
coherent but not fully coherent with u\j and having no buds on J. 

Proof. Induction on |/|. If |/| = 1 then u takes value + at the only point of 
I, and we can set J := I, T := 0. Let |/| > 1. Set e :— max/, E := I\ {e}, and 
write [IUb^] = + s - r - B y CorollaryEXl 

(5-1) ~ m = [I] u] = [ [U ieE «<] «e] = [( + S - r ) «e] ■ 

If s > 0, we can apply the inductive hypothesis to the restriction u\e to obtain a 
suitable beginning J of E and a suitable flow T on J. Let s = 0. As [Y[ u] contains 
a '+', we must have r = and u e = +. By Lemma 15.1.71 there exists a flow T on 
E fully coherent with u\e having no buds on E. It remains to set J := /. □ 

Lemma 5.1.9. Let u : I — ¥ {0, , + — , ++} be such that [Yl u ] = — m f or some 

m > 0. Then there exists a flow on I fully coherent with u and having exactly ra/2 
buds with respect to u. 

Proof. By Corollary 15.1.41 m is even. We apply induction on |/|. The case 
I = is clear. Let |/| > 0. Set e := max/, E := I \ {e}, and [J[ ieE u,] = + s - r . 
By Corollary [5X1 

(5.2) - m = [n«] = [[ru £ ^K] = [i+ s - r )u e ]. 
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Case 0: u e — 0. The required flow for u is the same as for u\e- 

Case 1: u e = . By IjO]) . we have - m = [(+ s - r ) - -] = + s - r+2 . So s = 0, 

r = to — 2, and the inductive hypothesis applies to the restriction u\e- Let T be a 
flow on E fully coherent with u\e and having on E exactly (m — 2)/2 buds. Clearly, 
r is fully coherent with u. Moreover, e is its extra bud with respect to u. So Y has 
exactly (to — 2)/2 + 1 = to/2 buds. 

Case 2: u e = + -. By (JS21), w e have - m = [(+ s - r ) + -]. So s = and 
r = to > 0. So the inductive hypothesis applies to Let Y' be a flow on E 

fully coherent with u\e having on E exactly to/2 buds. Since to > 0, we obtain 
that to/2 > and that T' has at least one bud on E. We denote it by d. Then 
r := T' U {(d, e)} is a flow fully coherent with u. The flows Y and Y' both have to/2 
buds, since d is not a bud of L, while e, on the contrary, is. 

Case 3: u e = ++. By ()5.2|) . we obtain 

= ■ - f+ s+2 - r ifr<2; 



-2 



if r ^ 2. 



Hence s = 0, r ^ 2, — m = — r_2 , and r = to + 2. So the inductive hypothesis 
applies to u\e- Let T' be a flow on i? fully coherent with u\e having on E exactly 
(to + 2)/2 buds. Since (to + 2)/2 > 0, the flow Y' has at least one bud on E. We 
denote it by d. Then r := Y' U {(d, e)} is a flow fully coherent with u. Moreover, 
r has one bud less than Y' , since d is not a bud of Y. □ 

Lemma 5.1.10. Let u : I — > {0, ,H — , ++} be such that [J\ u ] = — m with 

to > 0. Then there exists an index a € I such that 

(i) u a = ; 

(ii) [rU/n(a..+oo) u i] eauals elther or +-; 
M [n ie /n(-oo.. o] «i] =-"■ 

Proof. Induction on |7|. If |7| = 1 we can take for a the only element of 7. Let 
|7| > 1. Set e := max/, E := 7\ {e}, and []lie£; u J = + S ~' r - B V Corollary WJM 

(5-3) - m = [EH = [[IlieE^e] = l(+ s ~ r )u e }. 

Case 0: u e = 0. The required index for u is the same as for u\e- 

Case 1: u e = . In this case, we can take a := e. 

Case 2: u e = H — . By (|5.3j) . we get 

f + s+1 - if r = 0; 
- m = I(+ s - r ) + -] = < 

ifr>0. 

So s = and r = m > 0. In particular, we can apply the inductive hypothesis to 
the restriction u\e to obtain an index a 6 75 such that: 

• "a = — ; 

• [IL G £n(a..+oo) u i] e q uals either or +-; 

• [Iliei5n(-M..a] Ul ] = 

If []l ie £;n(a..+oo) «i] = then [n ie /n(a..+oo) «i] = [[UieEn(a..+oo) u i] +-]= 
and if [n ie£ ;n(a..+oo) u «] = +~ thcn stiU 

[n 2e /n(a.. + oo) «i] = [[n iG £n(a..+oo) ^] +-]=[+-+-]=+-■ 
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[Ilie£;n(-oo..a] 

= [(--' n -] = < 



On the other hand, [n»ejn(-oo..o] Ui \ 
Case 3: u e = ++. We have 

■ + s+2-r if r < 2 ; 

k + s - r ~ 2 if r > 2. 

So s = and r = m + 2. The inductive hypothesis applied to u\e yields b *E E with 

• u b = ; 

• [UzeEn(b..+co) u i\ e q uals either or +~! 



By Corollary EH [IL e / 
- w =|Jl«] = f[n*6/n( 



n[fc..+oo) u iJ - L 



[n 



iesn(6..+oo) "» 



.6) 



[ILe/n 



[b..+oo) 



] + +] = 0, so 
l i\ = [ILe/n(-oo..6) u »] ■ 



Therefore, we can apply the inductive hypothesis to the restriction u|jn(— e»..6) 
find an index a G I n (— oo..fe) satisfying the following properties: 



and 



n(-oo..b)n(o..+oo) Ui \ 

• [n»e/n(-oo..ii)n(-oo..o] Ui ] 
Finally, we have 



[Hi£ln(a..b) U i] e q Uals eitllCr 0r 

[n»e/n(-c»..o] Ui \ = — ™ - 



[n 



iG/n(a..+oo) Ui \ ~~ 



□ 



[riig/n(a..fc) Ui \ [riie/n[b..+oo) Ui ] ~ \Yliein(a..b) 
which is or H — , as required. 

Lemma 5.1.11. Let u : I -> {0, , H — , ++} be such that \J[u\= + - ni - Then 

there exists an index a G I such that u a = H — and [IIieJn(— oo a) u *] = - 

PROOF. Induction on |/|. If |/| = 1 we can take a to be the only element 
of I. Let |/| > 1. Set e := max/, E := I \ {e}, and [JlieB^i] = + s ~ r - B Y 
Corollary HX1 

(5.4) + - m = [n«] = [[ru^K] = [(+ s ->j. 

So s ^ 1. If s = 1 we can apply the inductive hypothesis to the restriction u\e- Let 

s = 0. Then the cases u e = and u e = are clearly impossible. Moreover, 

if u e = ++, then by (pT4|) . we have H — m = [-'' + +]. By Corollary 15X31 to 
is odd, so to > 0, and we get a contradiction. Finally, let u e = + — . By (|5.4p . 
H — m = [— r H — ]. Hence r = 0, and we can set a := e. □ 

Lemma 5.1.12. Let u : I -> {0, , H — ,++} &e swc/i tfiai [fju] = H — m - l%en 

there exist indices a\ < • • • < ah, with h > 0, belonging to L such that 
(i) u ai = ■■■ = u ah = + -; 

( n ) [rite/n(o fc _i a*) = ® for all k = 1, . . . ,h, where a a := -co; 
(iii) [n ieJn( a il .. + oo)^]=- ro - 1 - 
Proof. Induction on |J|. By Lemma r5.1.11[ there is a G / such that u a = H — , 

and [Uie ini-oo ..a) u i] = - Sct J := In (o..+cx>) and let [Iliej^i] = + s - r - By 
Corollary EIH 

'[n ie rn ( -oo..a)^][+-][n ie ^]l = [+-(+ s - r )] = r+_ " +l ,r,s: (,: 



if s > 0. 



If s = then r = m — 1, and we can take h := 1 and ai := a. 
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-,<) 



Now let s > 0. Then s = 1 and r = m. By the inductive hypothesis applied to 
u\ j, there are indices &i < . . . < b q belonging to J such that 

• u bl = ■ ■ ■ = u bq = H — ; 

• [UieJn(b k . 1 ..b k ) u i\ = for any fc = 1, . . . , g, where o = a; 

• [n.iejn(b,..+oo) u «] = 1 - 

Now we can take h := q + 1, a\ := a and a.k '■= bk-i for k = 2, . . . , h. □ 



Definition 5.1.13. The set {ai < ••• < a^} as in Lemma 15.1.121 is called a 
section of it. By Lemma 15.1.91 for all k — 1, . . . , h + 1, there exists a graph 
fully coherent with it|/ n ( afe l afe ), where a = — oo and et/ l+1 = +oo. The graph 

{(oi, ai), ■ ■ • , (a^, a/j)} U Ufe=i ^fc is called a resolution of it. 
By definition: 

Proposition 5.1.14. ^4 resolution of a map u : I {0, , H — , H — h} is a weafc 

/Zow &itt not a /?ow on / /wZZy coherent with u. 

Lemma 5.1.15. Let u : I {0, , H — , H — h} be such that \J\ it] contains more 

that one +. Then there exists a beginning J of I such that [Jliej u i] = H — ^ anc ^ a 
/?ou; r on J coherent, but not fully coherent, with u\j , and having no buds on J. 

Proof. Induction on |/|. If |/| = 1, then u takes value ++ at the only point 
of /, and we can take J := I and T := 0. Let now |/| > 1. Set e := max/, 
E :=I\ {e}, and let [i\ l£E it,-] = + s - r . By CorollaryEX! we have 

(5.5) [em = [[n i6B «i]«e] = t(+ s - r K]. 

If s > 1, we can apply the inductive hypothesis to u\e- Consider the case 
s = 0. The only possibility for \Y\ u ] f° contain more than one + is the following: 
u e = ++ and [nie_E u »] = - Lemma [5.1. 9[ there exists a flow r on E fully 
coherent with u\e having no buds on E. The same flow T is coherent, but not fully 
coherent, with u (as none of its edges ends in e), and T has no buds on /. So we 
can take J := I. 

Finally, we consider the case s = 1. By Corollary 15.1. 4[ r is odd, in particular 

r > 0. The case where u e = 0, it e = and u e = H — arc impossible, since then 

contain at most one +. So u e = ++. By (|5.5[) . we get 



[n 



u = + -■ 



ifr = l; 
r-i if r > i. 



Hence r = 1. Let {ai < ••• < a^,} be a section of u\e- By Lemma 15.1.91 for 
k = 1, . . . , h + 1 there exists a flow Tk fully coherent with u\i ri (a, k _ x ..a,k) an< ^ having 
no buds on / H (ak-i-.ak) (with ao := — oo, at+i '■= +oo). Then the flow T = 
{(ai, 02), . . . , (a/1-1, ah), (ah, e)} U Ufcii Tfc i s coherent, but not fully coherent, with 
u (as none of its edges ends at ai) and has no buds on /. It remains to set J := I. □ 
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5.2. Normal and good indices 

For any weight A = (Ai, . . . , A„) £ X(n), we define the map ro(A) : [l..n] — > 
{0, , H — , ++} as follows: 

if ReSp Afc = and Res p (Afc — 1) = (i.e. Afe = 1 (mod p)); 

H — if Res p (Afc+l) = and Res p A^ = (i.e. A& = (mod p)j; 
++ if Res p (Afe+2) = and Res p (A fc +l) = (i.e. A fc = -l(modp)); 
otherwise. 

For any residue j3 £ Z/pZ not equal to 0, we define the map rg(A) : [l..n] — > 
{ — , + , 0} by the following rule: 

{- if Resp A fc = f); 
+ if Res p (A fc +l) = /3; 
otherwise. 

We record the following obvious observation. 

Proposition 5.2.1. Let A £ X(n), f3 £ Z/pZ, and 1 < k < n. Then 

(1) Tf}(X)k contains — if and only i/Res p Xk = /3. 

(2) r^(A)fc contains + if and only if Kes p (Xk + 1) = /3. 

Recall that, according to our agreement, the entries of Ilfce/ r pWk, for J C 
[l..n], coming from the signature sequence rp(X)k are marked with k. 

Definition 5.2.2. Let A £ -X"(n) and 1 ^ i < n. Set f3 := Res p Ai. The index i is 
called tensor \-normal if the reduction [JIi<fc<n r /sMfe] contains the symbol — j. 

Note that n is always a tensor A- normal index for A £ X(n). 

Definition 5.2.3. Let A £ X(n) and 1 ^ i < n. Set /3 := Res^A;. The index 
i is called X-normal if the reduction [Qi<fe<n r /3(^)fc] contains the symbol — j and 
the following two conditions do rcoi both hold: (1) [IIi<k<n r 0M fc ] = an d (2) 
Aj = A„ = (mod p). 

Definition 5.2.4. Let A £ -^(n) and 1 ^ i ^ n. The index i is called tensor X-good 
if it is tensor A-normal and there is no other tensor A-normal index h such that 
ReSp Xh — ReSp A.; and h < i. 

Definition 5.2.5. Let A £ and 1 ^ i < n. The index i is called X-good if 

it is A-normal and there is no other A-normal index h such that Res p Xh = Res p Ai 
and h < i. 

To determine (tensor) normal and good nodes of a fixed residue (3, we actually 
need to do less work than is suggested by the definitions above. Corollary 15.2.81 
below shows that to determine normal and good indices, it suffices to calculate just 
the reduction []^[ 1<fc<Tl r / g(A)fc], and to calculate tensor normal and tensor good 
indices, it suffices to calculate just the reduction [Hkakb r pWk]- R- eca U that we 
abbreviate U r fiW ■= IIi<k<r> r fi{ x )k- 
Lemma 5.2.6. Let X £ X(n). 

(i) If 1 ^ i < n and /3 := Res p Ai, then [Yli<k<n r ^(^)fc] contains — < if and 
only if [Ili<fe<n r pWk] contains 
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(ii) Ifl^i^n and (3 := Res p A;, then [IX^SKn r /3(A)fe] contains — , if and 
on/?/ if [n r ^(^)] contains — 

Proof. We prove (i), (ii) being similar. By Corollarv l5.1.21 we get 

[n 1 <fc<«^Wfc]= rii< fc <i^(A)fc[n (A)* 

So, if [Ili<fc<n r /3(A)fc] docs not contain - i; then [r[i<fc< n r pWk] also does not 
contain — j. Conversely, if [Ili^fe<ri r /3(A)fc] contains — then this symbol can not 
be erased as we reduce rii^fc<i r p(X)k [lli<fe<ri r /3p0fe] ■ □ 

Lemma 5.2.7. Let A e -X'(n) and 1 ^ i < n. Set (3 :— Res^A;. Then [IIi<fc<n r /3(A)fc] 
is empty if and only if — , is i/ie Zasi symbol of [lli<fc<ri r ^(A)fe] ■ 

PROOF. By Corollarv l5.1.2[ we get 

l^fc<j r ^(A)fc) r f)Wi [IIi<fc<n 



Therefore, if []!,•<*<« r pWk] = 0, then is the last symbol of [Ili<fc<n r pWk] , 
since this symbol is contained in rp(X)i and can not be further erased. 

Now suppose that [l\ l<k<n rp(X) k ] ^ 0. If [rL<fc< n r pWk] contains at least 
two +'s, then all symbols — j contained in rp(\)i get erased during reduction, and 
so [Ili<fe<„ r pWk] does not contain -j. 

Let [rii<fc<n r /s(A)fc] contain exactly one +. If [3 ^ then rp{X)i = — j, and — j 
gets erased during reduction. On the other hand, if {3 = then by Corollarv l5.1.4[ 
the reduction [rii<fe<n r pWk] contains at lest one symbol — q with q > i. This 
symbol cannot be erased and so — ; L is not the last symbol of |JIi<fc<n r /3Wk] ■ 

Finally, if [IIi<fe<n r ^(A)fc] does not contain any +'s, then it contains — q with 
q > i at the end, and and so again — j is not the last symbol of [rii<fc<n r pWk\ ■ O 

Corollary 5.2.8. Let A E X[n). 

(i) Let 1 ^ i < n and f3 :— ReSpA;. Then i is X-normal if and only if 

rii<fe<n r p(tyk\ contains — and — j is not its last symbol if Xi = A„ = 
(mod p). 

(ii) Let I ^ i ^ n and (3 :— Res p A^. Then i is tensor X-normal if and only if 

Yl r pW\ contains —i. 

In the case where A„ = (mod p) we can simplify Corollary 1 5 . 2 . 81 as follows: 

Corollary 5.2.9. Let X e X(n), X n = (mod p), 1 ^ i < n, and (3 := Res p Ai. 
Then i is X-normal if and only if \Ylrp(X)\ contains — , if and only if i is tensor 
X-normal. 

Proof. The second "if-and-only-if" comes from Corollary I5.2.8f ii). We now 
prove the first one. If (3 ^ then we get [ri r ^(A)] = [IIi<fc<ri r pWk\ an d 
the condition A^ = A„ = (mod p) is not satisfied, so the result follows from 
Corollary \J£M Now let p = 0. 

Let i be A-normal. By Corollary 15.2.81 [lli<fc<n r ^(A)fe] contains — j. By 
Corollarv l5.1.21 we have 

[UrpW] = [[IW<„^(A) fe ] +„-„]. 
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If — , is not the last symbol of [Ili<fc<Ti r pWk] > then there is another — after it, and 
so — i is not erased together with +„. So [II ^ (A)] contains — j. It remains to con- 
sider the case where [Hi<fc<n r pWk] contains exactly one — j and this — j appears 
in the end. By Lemma 15.2.71 [IIi<fc<n r fiWk] = - Hence by Corollary 15 .1.21 

[iw<n r 0( A )*] = [[nia^^f^*] [n l <fc<„ r ^( A )fc]J = [rii s sfc S : t ^( A )fc]- 

It now follows that rp(X)i = +{— i, i.e. A^ = (mod p). Then we have Xi = X n = 
(mod p) and [IIi<fc<n r ^( A )/c] = ; which contradicts the A-normalty of i. 

Now let i be not A-normal. If [Hi</c<n r p( x )k] does not contain — then 
[11*73 (A)] = [[Ui^k<i r 0( X )k][U.i^k<n r 0( X )k] +n ~n] also does not contain 
On the other hand, if [IIi<fc<n r /3( A )fc] — and Xi = A„ = (mod p), then 



tn^w] = [[ n +*-*[ n ^w*] +»-»] 

l^fc<i i<k<n 

: [[ n r M A )fc] +< -< -»] = [[ n r / 3 ( A )* ; ] -«] 



again does not contain — □ 



5.3. Tensor conormal and tensor cogood indices 

We now introduce the notion dual to that of the tensor A-normal index (cf. 
Corollary E^ii)). 

Definition 5.3.1. Let A € X(n) and K i ^ n. Set P := Res p (A l + 1). The index 
i is called tensor X-conormal if [O'TsM] contains 

Note that 1 is always a tensor A-conormal index. 

Definition 5.3.2. Let A G X(n) and 1 ^ i ^ n. The index i is called tensor 
X- cogood if it is tensor A-conormal and there is no other tensor A-conormal index h 
such that ReSp A^ = Res p Xi and h > i. 

We fix n and consider the map u>o : [l..n] — > [l..n] given by woi = n + 1 — i. For 
a marked signature sequence u, we denote by —wqu the sequence obtained from u 
by substitutions — i + Wo i and i->- —w a i for each i and rewriting the resulting 
sequence in the reverse order. Note that the definition of —wqu depends on n. 

Lemma 5.3.3. If v is obtained from u by erasing some subsequences — h then 
—WoV is obtained from —wqu by erasing similar subsequences. In particular, we 
have [— Wqu] = — wo[u]- 

PROOF. The first statement is obvious. To prove the second one, take v = [u]. 
Then — wo[u] is obtained from —wqu by erasing some subsequences of the form 
—i+j. However the sequence — wq[u] can not be further reduced and thus is the 
reduction of —wqu. □ 

Lemma 5.3.4. For any X € X(n) and f3 G Z/pZ, we have r ^( — w oA) = 

-^(n^w)- 

Proof. Follows from the definitions. □ 
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Corollary 5.3.5. Let A 6 X(n) and 1 < i < n. Then i is tensor X-conormal if 
and only if the index woi is tensor —woX-normal. 

PROOF. Combining Lemmas 15.3.31 and 15.3. 4[ we get 

and it remains to apply Definition 15.3.11 and Corollary 15. 2.8f ii). □ 

Corollary 5.3.6. Let A € X(n) and 1 < i < n. Then i is tensor X-good if and 
only if Woi is —woX-cogood. 

Proof. Let (3 — Res p Xi. By definition, i is tensor A-good if and only if i is the 
smallest tensor A- normal index of residue f3. By Corollary 15.3.51 this is equivalent 
to Woi being the largest — wpA-conormal index of residue /3. □ 

Lemma 5.3.7. Let X € X(n) and 1 ^ i ^ n. Then: 

(i) i is tensor X-good if and only if it is tensor X-normal and tensor (A — £,)- 
conormal. 

(ii) i is tensor X-cogood if and only if it is tensor X-conormal and tensor 
(A + Si) -normal. 

Proof, (i) Let i be a tensor A-good index and j3 := Res p Ai. By definition, i 
is the smallest among the A-normal indices j such that Res p Xj = (3. Let j > i be 
a A-normal index with Res p Xj — (3. We need to prove the following two claims: 

I. j is not tensor (A — £j)-conormal; 
II. i is tensor (A — £i)-conormal. 

First, we prove Claim I. Observe that II — £ i) ^ s obtained from 
by replacing the first symbol — j by +j. If f3 ^ 0, then [Ili<fc<j r ^(-^)fc] = — m for 
some m ^ 0, and 

[UMX-Sj)] = [[Ui <k<i r^)k] -i- m +j [U 3<k<n MX) k ]]- 

Clearly, the sequence in the right-hand side does not contain + 3 , i.e. j is not tensor 
A — £j-conormal. 

Now suppose that ,9 = 0. If the reduction [ni<fc<j r pWk] contains more than 
one sign — , then j is not tensor A — Ej-conormal exactly as above. On the other 
hand, if this reduction contained more than one sign +, then i could not be tensor 
A-normal. By Corollary 15. 1.41 we only have to consider the following two cases. 

Case 1: [JIi<fc<j r pWk] = ®- We have 

[II MX - ej )] = [[Ui <k <i M X h] [rp(\)MX - £,),] [Il j<k<n rp(X)„]]. 

The only chance for at least one +j to survive is rp(X)i = and rp(\ — Sj)j — 

+j+j- Hence rp(X)j = +j—j and 

[n^(A)] = [[u 1<k< Mx)k][+i -i+i-m^nMVk]], 

in which case — , will not survive. This contradicts the tensor A-normality of i. 
Case 2: [U i<k<j rp (A) fc ] = +-. We have 

[n^(A)] = [[U^r^Mxy. + ^iu^^MX),]]. 
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As i is tensor A-normal we must have rp(X)i = Now the sequence 

[n^(A - ej)} = [[Ui <k<i r/j(A)*] [-i -i + -rp(X- e^] [U j<k<n rp(X)k\] 
= [[IW< 4 »*(A) fc ] [- - r (\ - E&] [n j<fe< „ r^(A) fe ]] . 

does not contain +-,-, i.e. j is not tensor (A — e 3 ; )-conormal. 

Now we prove Claim II. Note that [Qi<fc<n r ^(A)fc] is a sequence of pluses 
followed by minuses, containing — j. So the only plus it can contain is +j. 

Case a: [Ili^fe^ri r /3(A)fc] does not contain pluses. We always have [II '"/s (A)] — 
[[rii<A<i rpWk] [n^fe^n r /9 ( A )fc] ] > so an y symbol - t occurring in [IIi^<i r /3 (A)*] 
occurs also in [H r /3(A)] ■ This t is then tensor A-normal of residue /?, which is a 
contradiction as t < i. Hence [IIi<fc<i r ^(A)fe] = + m for some m ^ 0. Now we get 

[Ur^X-Si)] = [[+ m r fs (X-s l ) l ] [U i<k ^ n r p (X) k ]] . 

Therefore the symbol +j contained in r^(A — Si)i survives. 

Case b: [lli^fc^n r ^(A)fc] contains exactly one +. In this case, (3 = and 
i~o(X)i = +%—%■ If [Ili<fe<i r ^(A)fc] contains at least two minuses, then similarly to 
Case a, one of them survives in [H r 0(A)] , which contradicts the minimality of i. 
Hence [IIi<fc<i r p (\) k ] = + m - s for s < 1. Now we get 

[Urp(X-e t )] = [[+"-«+,+<] [n i<fe< „^(A) fe ]]. 

Therefore the rightmost symbol +t contained in rp(X — Si)i = again survives. 

(ii) By Corollary 15.3. 61 i is tensor A-cogood if and only if wgi is tensor — wqX- 
good. Now (i) implies (ii) using Corollary 15.3.51 □ 

Corollary 5.3.8. Let A £ X(n) and 1 ^ i ^ n. Then i is tensor X-good if and 
only if i is tensor (A — Si)-cogood. 

5.4. Removable and addable nodes for dominant p-strict weights 

Let A £ X(n). We identify A and its "Young diagram": 

X:={(i,j)£Z 2 \l^i^n,j ^ A;}. 

Elements of Z 2 are called nodes. The residue of a node is Kes p (i,j) := j(j — 
1) +pZ. Thus we will speak of nodes of A, will remove nodes of A, add nodes to A, 
and so on. 

Let j3 £ Z/pZ and A £ X£(ri) be a dominant p-strict weight. A node A = (i,j) 
is called (3-removable for A if Res p A = /3 and one of the following two conditions 
holds: 

(Rl) A £ A and A \ {A} £ X+(n); 

(R2) the node B = (i,j + 1) immediately to the right of A belongs to A, 
Res p B = Resp A, X\ {B} £ X+{n) and A \ {A, B} £ X+{n). 

A node B = (i,j) is called j3-addable for A if Rcs p B = (3 and one of the following 
two conditions holds: 

(Al) B i X and A U {B} e X+(n); 

(A2) the node A = (i,j — 1) immediately to the left of B does not belong to 
A, Resp B = Resp A, X U {A} £ X+(n) and A U {A, B} £ X+(n). 
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Of course, can be /3-removable or /3-addable for A € A+(n) only if 1 < i ^ n. 

We introduce the following order on 1?: < if and only if cither 

i < i' or i' = i and j > f . Consider now all /3-removable and /3-addable nodes of 
A e X+(n) for a fixed /3. Reading these nodes in the increasing order and assigning 
— i to /3-removable node of the form and +j to a /3-addable node of the form 
we get the (3-signature of A. The reduced (3-signature of A is the sequence 
obtained from the /3-signature of A by erasing all possible subsequences of the form 
— h, i.e. the reduced /3-signature of A is the reduction of the /3-signature of A. 



Lemma 5.4.1. Let A e X+(n). Then the reduced (3-signature of X equals \]J 773(A)] . 



PROOF. We apply induction on n. If n = 1 then the /3-signature of A = (Ai) 
equals rp(X)\. Therefore the reduced /3-signature of A equals [r^(A)i] = [JT r /3 (^)] • 

Now let n > 1 and set A := (Ai, . . . , A n _i). We first investigate what happens 
to the set of /3-removable and /3-addable nodes when we pass from A to A. Consider 
the strip S — {n} x (— 00. .A„]. It can be considered as the diagram of (A„) shifted 
to row n. We can consider its /3-removable and /3-addable nodes. More precisely, 
a node A — (n,j) is /3-removable for S if Res p j — /3 and one of the following 
conditions holds: (Rl') j — A„; (R2') j = X n — 1 and Res p (j + 1) = /3. The set 
of /3-removable nodes of S is denoted by Rems- A node B — (n,j) is /3-addablc 
for S if ReSpj = /3 one of the following conditions holds: (AI') j = X n + 1; (A2') 
j = X n + 2 and Res p (j — 1) = /3. The set of /3-addable nodes of S is denoted by 
Adds. Note that he /3-signature of S equals r l g(A)„. 

Let Rem and Rem denote the sets of /3-removable nodes of A and A respectively. 
Also set Rem <n _i := € Rem | i < n — 1}. Let Add and Add denote the 

sets of /3-addable nodes of A and A respectively. One can easily verify the following 
formulas: 



Rcm<„_i U {(n-1, A n _i)} 



Rem 



<n-l 



Rem = < 



'Rem U Rems if A„ < A„_i — 2; 

Rem U Remg if A„ = A„_i — 2 

and A„_i ^ 1 (mod p) or /3 7^ 0; 
if X n = A n _i — 2 

and A„_i = 1 (mod p) and ft = 0; 
if A„ = A„_i — 1 

and ReSp A„_i = /3 7^ 0; 
Rem U Remg if A„ = A„_i — 1 and Res p A„_i 7^ /3; 

Rem<„_i U {(n-1, A n _i), (n, X n )} if X n = A„_i - 1 

and X n -i = 1 (mod p) and /3 = 0; 
Rcm<„_i if A„ = A„_i - 1 

and A„_i = (mod p) and /3 = 0; 
if A„ = A„_i and /3 ^ 0; 
if A„ = A„_i and /3 = 0. 



Rem U Remg 
i Rem < „_i U {(n,X n )} 
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Add 



Add U Add 5 


if X n 


< A n - 


-l 


- 2; 




Add U Adds 


if A„ 


— A„_ 


-l 


— 2 and X n ^ 


— 1 (mod p) or f3 ^ 0; 


AddU {(n, X„ - 


V 1)} if X» 


= A„_ 


-l 


— 2 and A rl = 


— 1 (mod p) and /3 = 


Add 


if A„ 


= A„_ 


-l 


— 1 and ReSp 




Add U Add s 


if A„ 


= A„_ 


-l 


— 1 and ReSp 


A„_i ^ /3; 


Add 


if A„ 


= X n - 


-l 


— 1 and A rl -i 


= 1 (mod p) and /3 = C 


AddU {(n, X„ - 


f- 1)} if A„ 


= A„_ 


-l 


— 1 and A rl _i 


= (mod p) and (3 = C 


Add U Adds 


if A„ 


— A„_ 


-l 


and [3 ^ 0; 




I Add 


if A n 


= A„_ 


-l 


and [3 = 0. 





Finally, let C7 and [/ denote the /3-signatures of A and A respectively. By the 
inductive hypothesis, we have [EI ^(A)] = [U]. Hence by Corollary [5X21 

(5.6) [n^(A)] = [[n^(A)]^(A)„] = [[U]r p (X) n ] = [Ur p (X) n ]. 

Further, we have U = U'U", where U" consists if all symbols — n -i occurring in 
U and U' consists of symbols — k coming from the nodes of Rem <n _i and symbols 
+1 coming from the nodes of Add. Now we consider several cases. 

Case 1: X m < A m _i— 2. We have U — Urp{X) n . Therefore by (|5.6p . we get 
nr^(A)] = [U], as required. 

Case 2: X n — A„_i — 2 and A n _i ^ 1 (mod p) or (3 7^ 0. We again have 
U = Urp(X) n . So this case is similar to Case 1. 

Case 3: X n = A„_i — 2 and X n ~i = 1 (mod p) and (3 = 0. We have U" = 
- n _i- n _i, r (A)„ = +„+„ and U = U' - n -i +n- Therefore by (f5~6]l . we get 



n^(A) 



\U> 



[U'U"rp{X) n 

Case 4 : X n — A n _i — 1 and Res p A n _i 
r fj {X) n = +„ and U' = U. By (|5l)|) . we get 



n-1 — n-1 +n +n] — \U' — n-1 +n] — [U]. 

f3 7^ 0. In this case, U" = — n -i, 



[U'U"r p (X) n ] = [V - n _! + n ] = [[/'] = [(7]. 

Case 5: A„ = A„_i — 1 and Res p X n -i 7^ /?■ We have U = Urp{X) n . Therefore, 
this case is similar to case 1. 

Case 6: X n = A„_i — 1 and A n _i = 1 (mod p) and j3 = 0. In this case, 
U" = - n _i-„_i, r^(A)„ = +„-„ and U = U' - n _i -„. By jSTB]), we get 

n^(A)] = [C7'U-%(A)„] = [C7' -„_x +„ - n ] = [U 1 - n _ a -„] = [(7]. 

Case 7: A„ = A n _i — 1 ana 1 A n _i = (mod p) and j3 = 0. In this case, 
U" = - n _i, r /9 (A)„ = +„+„ and f7 = U'+ n -i- By JOJ, we get 



n^(A) = [U'tJ"r p {X\ 



[U>- 



\U>- 



[U] 



Case 8: X„ = A n _i and f3 7^ 0. We have C/ = Urp(X) n . Therefore, this case is 
similar to case 1. 

Case 9: X n = A„_i and j3 = 0. In this case, U" = — n —i, ^(A) rl = + n — „ and 
f7 = C/'- n . By (|5T6]l . we get 



□ 



I1»7»(A)J = [C/'^%(A)„] = [U' - n _i +„-„] = [C/'-„] = [(7], 
as required. 



CHAPTER 6 



Constructing U(n— l)-primitive vectors 



In this chapter, we consider constructions of U(n — l)-primitive vectors of 
weights A — a(i,n) in the irreducible Z7(n)-module L(X). There will be six such 
constructions: the first three (Theorems 16.1.31 16.2.31 and 16.3. 3[) produce U(n— 1)- 
primitive vectors in L(X) from a nonzero highest weight vector of L(X); the other 
three (see Theorems 16. 4.2^6. 5.21 and 16.6. 2[) allow us to 'extend' a nonzero U{n— 1)- 
primitive vector v € L(X) of weight A— ct(i, n) to a nonzero U(n— l)-primitive vector 
w €U (i)v of weight A — a(h, n), where 1 $J h < i < n and Res p A/j = Res p Aj. 

In what follows, we follow our usual agreement and denote again by X the 
element X ® 1 £ U(n) — Uz(n) <£> F for X E Uz{n). Thus we have various 
lxj,Plf(M) G U°(n) and S e id (M) £ U(n). 



6.1. Construction: case [n i<k ^ n rp{\)k] = - m . 
This construction uses only signed sets containing even elements. 

Lemma 6.1.1. Let 1 ^ i < j and v be a primitive vector of weight A € X(j) in an 
arbitrary U (j) -supermodule. Pick e £ {o, 1} and M C [i-.j] such that j £ M . 

(i) Suppose that ip : M — >• is an injection such that 

(a) ReSp A t = Res p (A^,( t ) + l) /or aZZ t G \ M; 

(b) ?/>(i) > t /or all t e \ M. 

Then for any function S : [i-.j) — > {o, l} we have 



Ef 



■■I&ZS?AM)v 



) T,s=s II (Resp Ai - Res p (A t + l))i 

t£{i..j\\4>({i..j\\M) 



(ii) Leti^l <j-l, S € {o,i} 7 and either l + l G M or • (M( J+1 
/or o- = o,i. Then E s l S l e AM)v = Q. 



v 



PROOF, (i) By Lemma fl.2.1[ we have 

3.i) & i <-~^s? J (M)v = p*${M)v 



By Lemma [3.2.11 with D = 0, R = S = [i-.j] \ M, ip = ip and Z = 1, we have 



(6.2) 



j((M\M)=n t 



e(i..j']\-0((i..j]\M) 



(xi-yt) (modX), 



where I is the ideal of P generated by the polynomials Xt — 2A/,(t) with £ € (j..j] \ M. 
By the condition |(a)| we get 



[x t ~ yv(«)l v = ( H t( H t - 1) - (#</>(*) + 
(A t (A t - 1) - (A^ (i) + l)A v ,( i ))u = (Resp A t - Res p (A 1>(t) + l))v = 0. 
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Thus we have proved [l] v = 0. So, by (|6.ip and (|6.2|) . we have 



E 



Si 



>-£6= s 



n 



te(i..j]\i>Ui..j]\M) 



n(Xi — lit) 



)T(5-eTT (Res„ Xi — Res„(A f + l))v. 

By Lemmas [2311 and 12X21 we get EfS^(M) v = if I + 1 € M. Let 



I + 1 ^ Af . In the case Z = i, by Lemma r2.5.]|iii)[ we get 

EfSf d (M)v= (-ir +s ^S^(M)v^ (-ir+ s ^Sf+ 1 5 d {M (l+1 .. j] )v = 0. 
In the case i < I < j - 1, by Lemma 12X21 we have EfSfj(M)v = if Z ^ M, and 

EfS£(M) » = (- 1 ) 1+(5+7)(£+1) «m( M (-'])^+i J ( M (^i..,]) w = 

7+cr— e-\-5 

if leM. □ 

Lemma 6.1.2. Let X £ X(n), v + £ £(A)\ 1 ^ i < j ^ n, e £ {o, 1} and 
(i-.j] D A/ 9 j. Let ip : \ M — > be an injection such that 

(a) ReSp At = Res p (A^,( i ) + l) for all t £ [i..j] \ M; 

(b) ij)(t) >t for all t £ [i..j] \ M. 
Then we have j(M) v + = 0. 

PROOF. By Proposition 11.3.81 and weight considerations, it suffices to prove 
that EfSf ;j (M)v^ = for all I £ [i..j -I), 6 = o, l, and 

(6.3) 25* ---E^ 1 S+(M)v+ =0 

for all (5 : [i-.j) — > {o, i}. We apply induction on j — i, the inductive base j — i = 1 
coming from Lemma l6.1.1|(i)| Let j — i > 1. By Lemma 16.1.1 Hi) in proving that 
Ef Sfj(Al)v1^ = 0, we may assume that 1 + 1 ^ M and prove under this assumption 
that S'j+x 3 (Af( i+1 ..j])u^ = for any a = o,i. Now, I + 1 ^ M implies [l+l.-j] \ 
= \ M. So we can consider the restriction ip' = ip\[i+i..j]\M, l+1 -p 

which obviously is an injection of [Z+l..j] \ M^ +1 & into [Z+l..j] and satisfies the 
following conditions: 

(a') Rcs p X t = Res p (A v ,/( i ) + l) for any t £ [l+l.-j] \ M^+i..^; 
(V) ^'(t) > t for any t £ \ M (l+1 .. jh 



similar to (a) and |(b)[ So S {^ lj (M( l+1 ^) v + = by the inductive hypothesis. 
Finally, by Lemma 16 . 1 . jfci){ we have 

Ef ...E^StMvt- 



) y"«=eTT (Res„ Xi — Res„(A t + l))vt 



we 
□ 



We have ?/;(*) £ (i--j] \ i/j((i..j]\M), since %jj is an injection. By condition (a) 
get ReSpAi = Resp(A,/,(i) + 1), whence (|6.3|) follows. 

Theorem 6.1.3. Let X £ X(n) and 1 ^ i < n. Set f3 := Res p Xi, and assume that 
[riz<fc<n r pWk] — ~ m f or some m ^ 0. Then there exist nonzero homogeneous 
U(n— 1) -primitive vectors v,v' £ L(X) of weight X—a(i,n) such that Ej n v = E^ L v' 
for all 1 < j < n and 5 £ {0, 1}. 



6.2. CONSTRUCTION: CASE 2 



()<) 



Proof. By Lemmas 15.1. 71 and l5.1.9[ there exists a flow V on (i..n], fully coher- 
ent with r/3(A)|(i..„]. Let S denote the set of all sources of edges of T. Then for all 
t € S there exists a unique integer ip(t) G (i..n] such that (t,ip(t)) G T. Moreover, 
t/i is an injection of S into (i..n], and 

(a) ReSp A t = Res p (A^( t ) + l) = (3 for any t G 5; 

(b) V(*) > * for any 

Set M := (i..n]\S. Note that n G Af , as otherwise neS, and n < t/>(ti) € 
is a contradiction. Choose any nonzero homogeneous vt G £(A) and e G {o, l}. Set 
u := Sf n (M) v~£ and u' := Sf^ x (M) We claim that (u, v') is the required pair. 

Let us prove that v and v' are U(n — l)-primitive. We consider only the vector 
v, the argument for v' being similar. It suffices to prove that Ef Sf n (M) = for 
I = i, . . . ,n — 2 and 5 = 0, l. By Lemma 16. l.l||ft)| we may assume that I + 1 £ M 
and prove that U A = f° r °" = 0>i< But this equality follows 

from Lemma [6.1.21 applied to the injection ip\[i+i..j]\M (l+1 } y Note that 1 + 1 £ M 
implies [l+l-.j] \ M( i+1 ..^ = [l+l.-j] \ M = D S. Therefore the restriction 

^l[/+i..j]\Af (i+1 .. j1 is well defin ed. 

Now by Lemma 16. l.l|lj)[ we have (using the U(n — l)-primitivity of v and v' 
already established) 

Ef >n v = EfE i+1 ■ ■ ■ E^SfjM) v+ = n t6(i „ n]X ^ (S) ^ ~ Res ^ At + X )K 

and similarly 

^ v = n te( ,. n] N , (s) ip - ««p^ + dk 

for any (5 G {o, i}. In particular, J5f n i) = Ef~^v' ' . 

Recall that r is fully coherent with r^(X)\^, n ]. So, by Definition 15. 1 .6^6~)| and 
Proposition 1 5 . 2 . 1|( 2)| every t G with Res p (A t + 1) = ft is the target of an edge 
of r, i.e. it belongs to ip(S). So 

n(/3 - Res„(A t + 1)) ^ 0. 

Hence ^ and Ef+W ^ 0, whence v ^ and u' ^ 0. 

We now complete the proof of the equality Ej n v — Ej^v' for all 1 < j < n 
and 8 G {0, 1}. If j < i then E s j n v = = E^v' by weight consideration. 
The case j = i is done above. Finally, suppose that j > i. Consider the vector 
u> := £j n « — Ej^v' . It has weight A — a(i,j) and is U(j — l)-primitive. Hence it 
equals zero if and only if Ef-w = for any e G {o, i}. We have 

which is zero by the case j = i, which we have already considered. □ 

6.2. Construction: case [n»<k<n r pWk] = anc ^ ^ii are n °t both 

divisible by p 

This construction is similar to the previous one, but uses operators Sfj(M), 
where the signed set M contains exactly one odd element J. 

Lemma 6.2.1. Let 1 ^ i < j and v be a primitive vector of weight A £ in 
an arbitrary U(j)-supermodule. Pick e £ {0,1} and a signed (i..j]-set M 3 j all of 
whose elements are even except j. 
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(i) Suppose that ip : (L.j) \ M — > (L.j) is an injection such that 

(a) Resp A t = Res p (\^ t ) + l) for any t £ (i..j) \ M; 

(b) ip(t) > t for any t £ (L.j) \ M. 

Then for any function S : [i..j) — > {o, 1}, we have 



(Res p Aj- Res p (A t +l)) (H^ S -{-If ^ 5 iTj +E 5 )i 



n 



te(i..j)\i>((i..j)\M)^ r ■ ' • 1 i 

(ii) Leti^l < S £ {o,i}, and either l + l £ M or S{ J +1 j{M( l+ x.. :j y)V = 



for a = o, l. T/ierc EfSfJM)i 



0. 



PROOF, (i) By Lemma 14.3.11 we have 



E' 



■E 5 /S 1 1 S? j (M)v = Plf(M)v 



(2) 



(6.4) = (_l)©*»i+(i+e+E*)E«5|[<..W 

We claim that the only non-zero contribution to the sum in the right hand side can 
come from k — i and k — j. Indeed, let k £ (i..j)\ M and apply Lemma 13 . 2 . 1 1 with 
D = {k} } S = (L.j] \ M, R = [k..j]\M, I = lfl 3 j and 

Clearly, we have <p(t) ^ t + l(t) for any t £ R, since ip(i) = ip(t) > t if t G R \ {j} 



(2) 

and l(j) = ^ fcjJ (j) = 0. The condition l\ Rn D 



= in our case takes the form 



l{k) = 0, which is satisfied by the definition of lfl q j- Consider the ideal X of P 
generated by the following polynomials: 

(1) X{ k y ( ^ — y^^t), where t £ R such that k £ [t+l(t)..ip(t)) ; 

(2) x t — y v (t), where t £ R \ {j} such that k [t+l(t)..ip(t)) . 

Note that k £ R and k £ [k+l(k)..(f(k)), as l(k) = and <p(k) = ip(k) > k. So by 
Lemma [3.2.11 we have . J(i. ,j]\M) £ X. It remains to prove that |Xj v = 0. 
Indeed, the only generator of type | ( 1 ) | corresponds to t = k. For this generator: 

l x {kY (k) - fv(fc)] v = l Xk ~ y^(k)l v = ( Rcs p A fc - ReSp(A^ (fc) + l)) v = 0, 



by condition (a) Similarly, for a generator of type |(2)[ we get by condition (a) 

Ixt - y<p(t)l v = (Resp A t - Resp (A^ (t) + l) ) v = 0. 

Now note that j — 1 ^ (i-j) \ Af, as otherwise by |(b)| we would have j — 1 < 
?/>(j — 1) G (i-.j), which is a contradiction. In other words, j — 1 G Af or j — 1 = i. 
So in (|6.4j) . both values k = i and k = j belong to X(i,j, M). Thus 



(6.5) 



E 



To calculate 



3j^jj((i..j]\M) v, we apply Lemma [5.2.11 with D = {i}, S 



R = (L.j] \M,l = l 



(2) 



and 



{ J Kt = J. 
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We have <p{t) ^ t + l(t) for any t £ R, since <p(t) = ip(t) ^ t and / = 0. The 
condition l\nnD = is now satisfied, since R n D = 0. Consider the ideal I of 
P generated by the polynomials x t — Dmit), where t £ R \ {j} = \ M. By 

Lemma 13.2.11 modulo I we have 

(6.6) 4.((M\jf)= n («i-»t)= n c^-w)- 

ie(t..i]\v((t..j]\M) t€(t..j)\V((i»i)\M) 

The equality [l] w = can be proved in the same way as we proved the similar 
equality above. Also, [a;, — ytj V — ^Res p — Res p (A t + 1)^ v. So by (|6.6p . we get 



(6.7) 



,( 2 .) 

n 



n, 



te(i..j)\il>({i..j)\M) 



te(i..j) \V((i-i)W) 
ReSp Ai— Res p (Af + l))v 



{xi - Vt) 



To calculate j -((i..j]\M) u, we apply Lemma [3.2.11 with _D = {j}, 5 



R={i..j]\M,l = l 



(2) 



and 



U(t) ifjGE\{i}; 



Clearly, <p(t) > i + Z(£) for any t £ R, a,s ip(t) = ip(t) > t if t £ R \ {j} and Z(j) = 0. 
By Lemma r3.2.1[ modulo the ideal I defined above, we get 

&(^ 5 n te( ,, )W(( ,, )W) ^ = ru - 

Hence 



Lte(i..3)\V((i-i)W) 



(6.8) 



5 ^.((z..j]\M) 

n 



n{Xi — lit) 

(Resp A— Res p (A t +l))w. 



Lte(i..j)\i>((i..j)\M) 

Substituting (|6.7p and (|6.8p to (|6.5[) . we obtain the required result. 

(!i)lNote that 1,1 + 1 M. By Lemmas I2XT1 and l2lT2l we have EfSf ^M) v = 



if I + 1 £ M. Now let I + 1 £ M. In the case Z = i, by Lemma 12.5. J|[iii)| we get 

EfS? tj {M)v = (-lr+^S^mv = (-lr+^S^iM^.^v = 0. 
In the case i < I < j — 1, by Lemma [2321 we get EfSfJM) v = if Z M and 



EfSfJM)v 



E (- 1 ) 1+(5+7)£ ^( M (-«])^+u( M (w..ii)« = 

7+cr— e+(5 



if Z G M. 



□ 



Lemma 6.2.2. Let A G X(n), u| G L(X) X , 1 < i < j ^ n, e £ {o, i}, and 

M 3 ] be a signed (i..j]-set all elements of which are even except j. Suppose that 
ip : [i..j)\M [i.-j) is an injection such that 

(a) Resp A t = Res p (A^( t ) + l) for any t £ \ M; 

(b) ijj(t) > t for any t £ \ M. 
Then SfAM)vl = 0. 
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PROOF. By Lemma l6.2.1|(i)[ for any 5 : — > {o, i}, we have 

^■■■E 5 ^ 1 S[ 3 (M)v+ 

because for the factor corresponding to f = ?/>(i) is (Res p Xi — Res p (A^(j) + 1)) = 0. 

By Proposition 11.3.81 and weight considerations, it now suffices to prove that 
EfSij(M)v% = for all i < I < j - 1, 8 G {o,i}. We apply induction on 
j — i. If j — i = 1, the result follows from the previous paragraph. Let now 
j — i > 1. By Lemma [6.2.1|(ii)| we may assume that I + 1 ^ M and prove that 
S l a hl j(M ( j + - l _..j])v^ = for any a G {o,i}. As I + 1 ^ M, we have [l+l-j) \ 
M(i+x..j] = \ So we can consider the restriction ip' = V'l[2+i..j)\Af (i+ i ,-]) 

which is an injection of \ Mn + ^ j] into such that 

(a') Resp X t = Res p (A^ (t) + l) for all t G \ Afy +1 ..j] ; 

(V) ^'(t) > i for all t G [M-l..j) \ M (I+ i. j] 
Hence fi^j = by the inductive hypothesis. □ 

Theorem 6.2.3. Let A G X(n), 1 ^ i < n, and (3 := Res p Ai. Suppose that 
Yii<k<n r ^(^)fe] = ~ m f or some m > 0. If Xi and X n are not both divisible by 
p, then there exists a nonzero homogeneous U{n — l)-primitive vector v G L(X) of 
weight X — a(i, n). 

Proof. By Lemmas 15.1.71 15".1.9[ there exists a flow T on (i..n) fully coherent 
with rp(\)\u n y Let S be the set of all sources of edges of T. Thus for any t G S, 
there exists a unique ip(t) G (i..n) such that (t,rp(t)) G T, and ip : S* — > is an 

injection. Set M :— ((i..n)\S) U{n}. As A^ and A„ are not both divisible by p and 
p^2,we have that either A^ — A„ ^ (mod p) or A^ + A„ ^ (mod p). So there is 
e G {o, 1} such that A^ — (— l) £ A rl ^ (mod p). Let G £(A) A be a homogeneous 
nonzero vector, and set v :— S[ n {M) . 

First, we prove that u ^ 0. Note (i..n) \ M = S. By Proposition 15. 2.11 

(a) ReSp X t — Res p (A^( t ) + l) = (3 for all t G (i..n) \ M ; 

(b) ip(t) > t for all t G (i..n) \ M; 

By Lemma 16.2. for (5 : [i..n) — > {o, 1} with ^ <5 = e, we have 

A J -tS(i..n)\)p(6) 

= n te(l ..„ )V/ , (s / Res p a * - Res p( A * + !))( a « - (-^k ^ o. 

since, by Definition I5.1.(j(6)| and Proposition I5.2.]|(2)| any t G (i..n) such that 
Res p (A t + 1) = (3 is a target of an edge of T, that is, belongs to ip(S). 

Now, we prove that v is a C/(?i — l)-primitive vector. We need to check that 
E i S i,n( M ) v \ = for a11 i < 1 < n - 1 and a11 S - B y Lemma ISXlpu)] we may 
assume that l + l ^ M and prove that S[ +1 ra (M( i+1 . , n ])v1^ — for a — o, l. But the 
last equality follows from Lemma T6.2.2I applied to the injection V'l[i+i..n)\M (!+1 n] i 
which is well defined because l + l ^ M implies [l+l..n)\M^ +1 n ] = [l+l..n)P\S . □ 



The following result will be used in Theorem 17. 1.41 



6.3. CASE 3 
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Lemma 6.2.4. Let X G X{n), 6 L(X) X , 1 < i < J < n, M 9 J 6e a signed 
(i..j]-set all of whose elements are even except j, and e G {o, i}. Suppose that 
Xi = Xj = (mod p) and tp : (i..j)\ M is an injection such that 

(a) Resp At = Res p (A^,( t ) + l) for all t G (i-.j) \ M; 

(b) ^(i) > t for all t G (L.j) \ M. 
Then AM) v 



0. 



Proof. The proof that EfSf tj (M)v% = Q for I ^ j - 1 is the same as m 
Lemma r6.2.21 except that one uses Lemma f6 . 2 . 2 1 instead of the inductive hypothesis. 
Now, for any S : [i.-j) — > {o, i}, by Lemma r6.2.]|(i)| we have 

Ef>---E^S^(M)v+ 



n 



te(i..j)\i>((_i..j)\M) 



(Res p X l -Res p (X t + l))(H e l + ^ S -(-lY^ 5 H £ 1 + ^ s )v+ = 



since A^ = X 3 ■ = (mod p) and belongs to the U° (n)-supermodule L(X) X iso- 
morphic to u(A), see Proposition 11.3.21 □ 

6.3. Construction: case A^ = 1 (mod p) and [IIi<fc<n r °M fe ] = "I — m 

This construction is a generalization of the previous one: we use operators 
Sfj(M), where the signed set M contains exactly one odd element q. 

Lemma 6.3.1. Let X G X(n), G L(X) X , 1 < i < j < n, e 6 {o, i}, and M be a 
signed (i..j]-set containing either j or j , all of whose elements are even except for 
some q. 

(i) Suppose that ip : (L.j] \ M — > [i.-j] is an injection such that 

(a) ReSp A t = Res p (A^( t ) + l) for all t G (i--j] \ M; 

(b) ip(t) ^ t for all t G (L.j] \ M; 

(c) if ip(t) — t then t ^ q. 

Then for any 5 : [L.j) — > {o, i}, we have 



(Res„ Xi — Res (A t 

(ii) Let i ^ I < j — 1 and 5 G {o, l}. Suppose that either I H 
the following conditions holds : 



n))H^ s vt- 

1 G M or one of 



• I = q — 1 and X q = (mod p); 

• I q — 1 an d a (M(;_|_i..j]J = /or aZ/ tr G {o, i}. 
Then EfSfAM)vt = 0. 



PROOF, (i) By Lemma H.3.11 we get 

Ef*---E s /s 1 1 S? j (M)v+ = Plf(M)v+ 

(6.9) = V (_l)®«.x-i+(i+e+E«)E*lD 



E 

k£X(i,q,M) 



where X(i,q,M) = {A: G [«..<?] \ M | fc-1 G MU {i— 1, *}}. 

We claim that the only non-zero contribution to the sum above can come from 
the summation index k = i G X(i,q, M). Indeed, let k G (i-.q] \ M. If if(k) = k 
then ReSpAfc = Res p (Afe+l) by condition (a) Hence Afe(Afe — 1) = (A^ + l)Afe 



and Afe = (mod p), since p ^ 2. Therefore, if^ 



= 0, since vt belongs 



to the [7°(n)-supermodule L(X) X isomorphic to u(A) (see Proposition II. 3. 2p . Now 



74 



6. CONSTRUCTING U(n - 1)-PRIMITIVE VECTORS 



suppose that ip(k) > k. To calculate g*fl .((i..j]\M) v^, we apply Lemma r3.2.1l 

for D = {k}, S = \ M, R = [k..j] \ M, if = VU, and I = zg, g ,j- Let 

us check that ip(t) ^ t + l(t) for any t £ R. Indeed, if t £ R and t > q, then 
</?(t) = tp(t) > t by conditions | (b) | and (c) On the other hand, if t £ R and t ^ q, 
then k ^ q and by the definition of tfl q 7 ; , w e get Z(t) = if'l q rj {t) = 0. Hence 
again = ^(i) ^ t = t + Z(i) by condition (b) The condition l\iinD — in our 
case takes the form l(k) = 0. This equality obviously holds by the definition of 

(2) 

H k q y ^ ow ! consider the ideal X of P generated by the polynomials: 

(1) X{ k y — y v (t)i f° r t £ R such that k £ \t+l(t)..(p(t)y, 

(2) x t - y v (t), for t £ R\{j} such that k £ [t+l(t)..cp(t)) . 

Note that k £ R and £ [k+l(k)..ip(k)), since Z(fc) = and <p(k) = tp(k) > k. 
Therefore, by Lemma r3.2.1i we get gfl q A{i..j]\M) £ I. It remains to prove that 
pi] = 0. Well, the only generator of type (1) corresponds to t = k, and 

l x {ky v(k) ~ y v {k)hx = l x k - Vf(k)lvx = (Resp A fe - Res p (A. 0(fc) + l))v+ = 

by condition (a) Similarly, for a generator of type |(2)| we have 

\x t - y v {t)\vx = (Resp A t - ReSp(A 0(t ) + = 0, 



which again follows from (a) Thus, we have proved that all summand corresponding 
to k i in (|6.9I) are zero, and so 



(6.10) 



E 



E^ l S? j {M)vt = g™ qJ ((i..j]\M) 



(2) 



To calculate 



$Lyi(i~3]\M) 



■)t, we apply Lemma [3.2.11 for D = {i}, S = 

R = (i..j]\M, ip = tp and I = Z^v ■. As above it is easy to check that (p(t) ^ t + l(t) 
for any t £ \ M. Moreover, the condition l\nnD = holds in this case, since 
Rf] D — 0. Consider the ideal I of P generated by the polynomials x t — y v (t) for 
t £ R \ {j}. By Lemma [3T2~Tl we get 



% tj ((i..j]\M) = ft , n .,_ , n % J Xi - y t ) (mod 1). 



( 6 - U ) Sl MJ^"" r "' J.-L te(M ] V/ ,(( M ]\ M ) 1 

Using [(a)] one can easily see that p]i>^ = 0. Thus by (|6.10l) and (|6.11|) . we get 



E t* ■ ■ ■ E j-i s tA M ) v t = n 



te(i..j]\i,((i..j]\M) 



(Resp Xi — Res p (A t + l))i?f 



(ii) In view of Lemmas 12.5.11 and 12.5.21 we may assume that I + 1 ^ M. 

+ 
x 



Case 1: I = q — 1. Then X q = (mod p) and so 7J g = =0. If I 

by Lemmal2.5.1|(ii)| we have 



7+<r=e+i 

If % < I < j - 1, by Lemma [2X1 we have EfSf^M) v+ = if F, / ^ ill and 

7+(j+r— £+{5 



otherwise. 



6.3. CASE 3 
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Cas e 2: I ^ q - 1. Then / + 1 7^ g and so Z+l.M-l M. If Z = i, by 
Lemma l2.5.1|(iii) we have 

EfSf d (M)vt = (-iy+^S^ 1 5 J (M)v+ = (-iy+^S^(M (l+1 .. 3] )vi = 

by assumption. If i < Z < j — 1, by Lemma [2.5.21 we have EfSf AM) = if 
Z, Z ^ M, and 

EfStj{M)vt = E (-l) 1+(J ^ )C ^ 1+l|M(,+1 " flll) ^i(^(i..q)^+i J -(^(J+i..i])''A = 

7+cr— e+5 

otherwise. □ 

Lemma 6.3.2. Let A G X(ri), G L(X) X , 1 ^ i < j < n, £ G {0, 1} and 
M be a signed (i..j]-set containing either j or j, all of whose elements are even, 
except for some q. Suppose that X q = (mod p) and there exists an injection 
ip : \ M — > [i-j] such that 

(a) ReSp A t = Res p (\^M + l) for all t G \ M; 

(b) ip(t) ^ t for all t G \ M ; 

(c) if tp(t) = t then t ^ q. 
Then Sf 3 (M)v^ = 0. 

PROOF. By Lemma 16. 3.l|lj)| for any 5 : — > {o, 1}, we have 



• -EtfSrMvt = n te( ,, A , (( ,, ]W) (B«p A, " Res P (A t+ l))^ 



x 



We claim that the last expression is zero. Indeed, if ip(i) > i then i/j(i) G \ 
ip((i..j]\M), since is an injection, and by (a) we have Res p Ai = Res p (A^,( i ) + 1). 
On the other hand, if tp(i) = i then by |(a)| we get Res p Ai = Res p (Ai + 1), and since 
p 7^ 2, we have Ai = (mod p), whence S v^=0. 

It remains to prove that Ef SfAM)v^ — for all i ^ I < j — 1 and all <5. Apply 
induction on j — i, the base case j — i = 1 coming from the previous paragraph. 
Let j — i > 1 . By Lemma I6.3.1|(ii)[ we may assume that I + 1 ^ M and I =/= q — 1 
and prove that j (M( ;+1 .. 3 ] JvJ — for a — 0, 1. 

Case 1: i4.l< q-1. Then q G M {l+1 .. t] , and [l+l..j]\M( l+1 .. j ] = [l+l..j]\M. 
Consider the restriction ?/>' — ^\[i+i..j]\Mn +1 } y This restriction is obviously an 
injection of [Z+l..j] \ Mq +1 ^ into [Z+l..j] and satisfies the following conditions: 

(a') ReSp A t = Res p (A^( t ) + l) for all t G [Z+l..j] \ M; 
(b') %j)'(t) ^ t for all t G \ M; 

(c') if ip'(t) = t then t < q. 

So -(M(; +1 ,.j])v~£ = by the inductive hypothesis. 

Case 2: q ^ I < j — 1. We want to apply Lemma [6.1.21 Note that Mn + x..j] 
consists only of even elements. Moreover, [Z+l..j] \ M(; +1 . ^ = [Z+l..j] \ M and we 
can consider the restriction -0" = "0l[i+i..j]\M (i+1 * ■ This restriction is obviously an 
injection of [Z+l..j] \ M^ +1 ^ into and satisfies the following conditions: 

(a") ReSp At = Res p (A^»(t) + l) for any t G [Z+l..j] \ M; 
(b") ijj"(t) > t for any t G [l+l-j] \ M 
Note that j (b") j follows from [(c)] Now S l < ^ lij (M^ l+1 ^ j] ) u+ = by Lemma 16X21 □ 
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Theorem 6.3.3. Let X G X(n), 1 ^ i < n and Xi = 1 (modp). Suppose that 
[JIi<fc<ra r o(A)fe] = H — m . Then there exists a non-zero homogeneous U(n— 1)- 
primitive vector v £ L(X) of weight X — a(i, n). 

PROOF. By Lemma [5 . 1 . 1 21 there exists a resolution T of ro(A)|(j.. n i. Let S be 
the set of all sources of edges of T. For any t £ S, there exists a unique index 
i/j(t) £ (i..n] such that (t,ip(t)) G T. Moreover, tp is an injection of S into (i..n\. 
Let q be the maximal element of S such that q — ip(q). Such an element exists, 
because r is not a flow, see Proposition l5 . 1 . 14l Pick a non-zero homogeneous vector 
v+ G L(X), e G {o, l} and set M := ((i..n] \ S)u {q} and 

«:=^ n (M)«+ 

If q < n then n ^ 5, since otherwise n < ^(n) G (i..n\ by the choice of q. Thus 
q < n implies n G M. Note also that q £ S and so q ^ M. We have proved that M 
is a signed (i..n]-set containing either n or n. Note also that (i..n] \ M — S. 

We have the following properties of ip following from the fact that T is a weak 
flow coherent with ^(A)|(,j „] and the choice of q: 

(a) ReSp A t = Res p (A^( t ) + l) = for all t £ (i..n] \ M; 

(b) ip(t) ^ t for all t £ (i..n] \ M; 

(c) if ip(t)=t then t ^ q. 

By Lemma l6.3.l|lj)| for any S : [i..n) — > {o, 1} such that = e, we have 

• -E^-'SfJM) v+ = T\ (-Res p (A t +l)>+ 

As r is fully coherent with ro(A)|(,*,, n i, any t £ (i..n) such that Res p (A t + 1) = 
is the target of an edge of T, i.e. belongs to ip(S). Therefore, 

n(-Res„(A t +l)) ^ 0. 

Hence Ef ■ ■ ■ E^S^M) vf + and v ? 0. 

Let us finally prove that v is a U(n — l)-primitive vector. We need to show that 



EfS? n (M) v~£ = for all i ^ I < n - 1 and all S. Note that A g = (mod p) by [(a) 
as tp(q) — q. So, by Lemma r6.3.1|(ii)[ we may assume that I + 1 ^ M, I =/= q — 1, and 
prove that 5' z t ^_ 1 v x — ^ f° r an y a - But the last equality follows from 

Lemma 16.3.21 if I < q — 1 and from Lemma 16.1.21 if Z > q — 1 , where we consider 
the injection ip\[i+i..j\\M (l+1 iV noting that \ My +1 ..j\ = [l+l-j] \ M, since 

I + 1 f M. □ 

6.4. Extension: case Ah = (mod p), Xi = 1 (mod p), [IIh</c^i r o(A)fc] = — m 

Lemma 6.4.1. Let X £ X(n). I ^ h < i < n, v be a U(n — 1) -primitive vector 
of L(X) x ~ alyl ' n \ e £ {o,i}, and M 9 i be a signed (h..i]-set all of whose elements 
except i are even. Suppose that ip : [h..i) \ M [h.A) is an injection such that 

(a) ReSp At = Res p (A^( t ) + l) f or an U t £ [h.A) \ M; 

(b) ip(t) > t for any t £ [h.A) \ M. 
Then S£ ti (M)v = 0. 

Proof. Set fj, := X — a(i,n). We first prove that EfS% i (M)v = for all 
I 7^ n — l,i — 1 and 5 £ {o, i}. By weights, we may assume that h ^ I < i — 1. 
We apply induction on i - ft. By Lemmar6.2.l|(ii)[ we may assume that I + 1 ^ M 
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and prove that ^My+i.^v = for any a. But this equality follows from the 
inductive hypothesis if we consider the restriction ip' = V'l[;+i..i)\A/ (i+ i which is 
obviously an injection of \ M^ +1 a = \ M into satisfying 

the conditions similar to (a) and |(b)| 

Next, we prove that S^^Iv^v is U(n — l)-primitive. By Lemma ri.3.91 it suffices 

to show that E S h h ■ ■ ■ E^S^M) v = for all 6 : [h..i) -> {o, i}. By [(a)] and the 
fact that ip is an injection of [h.A) \ M into [h..i), we have: 

(a') KeSp/Jt — Res p (p,^M + l) for all t £ [h..i) \ M. 
Hence by Lemma I6.2.]|[i)| we get 

E^---E^SUM)v 

= TT (Res pf i h -Res p (fx t +l))(H E h +j:5 -(-lY^ s H- +j:s )v 
= TT (Res„ A, l -Res„(A t +l))(iJ, 1 ; +i:5 -(-l) e ^ 5 ff £+i:5 ) v = 0, 



because ^(h) £ (h..i)\ip((h..i)\M), and by (a) we have Res p A^ = Res p (A^(h.) +1). 

Now, it suffice to prove that E s h h ■ ■ ■ E 5 ^ S^ i (M)v = for all S : [h..n) -> 
{o, l}. By Corollary 12 .1.31 we have 

E 5 h " ■ ■ ■ Et^S^iM) v = (-1) 'E%..«)2^ . . . EfXSfoM) Ep ■ ■ ■ E^v = 

by Lemma W*T% with v+ = Ef' ■ ■ ■ E^v. □ 

Theorem 6.4.2. Let A G X(ri), l^h<i<n, X h = (mod p), \ = 1 (mod p), 
and [IIft<fc<i r o(A)fe] = — m . Then for any nonzero homogeneous V r (n— 1) -primitive 
vector v £ L(A) A_Q ^' i '") iftere exists a nonzero homogeneous U(n — \)-primitive 
vector w £ U(i)v of weight A — a(h, n). 

Proof. Let (a, b) £ Z> be a pair with maximal possible sum a + b such that 

H h H°v ^ 0. As HiV = H h v = 0, we have a,b < 2. We set v' := H h H i v. Then 
u' G and = Hfv' = for all a £ {o, i}. 

By Lemma r5.1.9[ there exists a flow T on (h.A] fully coherent with ro(\)\(h..i\- 
Let 5 be the set of all sources of edges of T. Thus for any t £ S there exists a 
unique tp(t) £ (h..i] with (t,ip(t)) £ T, ip is an injection of 5 into (h..i], and 

(a) Resp A t = Res p (A^( t ) + l) = for all t £ S; 

(b) i>{t)>t for all t £ S. 

Note that ip is actually an injection of S into (h.A). Indeed, suppose that 
ip(t) = i for some t £ S. Then by |(a)| we get = Res p (Ai + 1) = 2, which is a 
contradiction. 

Set M := ((h.A) \ S) U Note that i G" S for otherwise i < ^(i) € 
giving a contradiction. Hence we get (h.A) \ M = S. Choose e £ {o, 1} and set 

w:=Sfa(M) v'. 

To prove that w is a U(n— l)-primitive vector, we must show that EfS^(M) v' 
= for I = 1, . . . , n — 2 and S £ {o, i}. As v' is U(n — l)-primitive, and by weights, 
we may assume that h ^ I < i. If h ^ I < i — 1, then by Lemma I6.2.1|(ii)| 
it suffices to prove that S[ +1 ^M^+i..,])?/ = in the case Z + 1 ^ M. But this 
equality follows from Lemma 16.4.11 if we consider the injection ip\[i+i..i)\Mi t+1 4] °f 
[Z+l.i) \ M( i+1 ..i] = [Z+l.i) \ M into [Z+l.i). 
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Now, by Lcmma ri.3.9l to prove the U(n— l)-primitivity of i (M) , y / it suffices 
to sho w that_ffi ■ ■ ■ Ef'Si S £ hi (M)v' = for all S : [h.A) ->■ {o,i}. Applying 
Lemma I6.2.]|l^i)| as in the proof of Lemma 16.4. f [ we get 

' ' ' Ei-i Sh.i(M) v' 

by the choice of v' in the beginning of this proof. 

Finally, we prove that m^O. We are going to prove that E s h h ■ ■ ■ E^Z-^w ^ 
for some function S : [h..n) — > {o,i}. Applying Lemma f6 . 2 . ] FIT as in the proof of 
Lemma [6ATJ we get 

K h ■ ■ ■ Et'iSUMW = • • • E^SUM)E^ ■ ■ ■ 

= (_1)*E%..») J] (-Res p (A t + l)) 

te(h..i)\i>((h..i)\M) 

x ( H ^«l[ h ..o_ ( _ 1 j e E%..o^+E«l[»M) ) ^... £ ^- li; / - 
Since the flow T is fully coherent with (A) | (/,..$], we have 

n(-Res„(A t +l)) ^0 

by Proposition l5.2.]|l^2)[ Now to complete the proof that w ^ 0, choose 5^, . . . , 

so that = e ' choose Si, . . . ,S n -i so that JSf* ■ ■ • E^'-l 1 «' 7^ 0, and recall 

that Ah = (mod p) and Aj = 1 (mod p) . □ 

6.5. Extension: case A, ^ (mod p), [IlfcOKi r /9( A )fe] = _T ") 
and Ah = (mod p), A, = f (mod p) do not both hold 

Lemma 6.5.1. Let A G A(n), 1 ^ h < i < n, v be a U{n — 1) -primitive vector 
in L(A) x ~ a ( l ' n \ e G {o,i}, and M C {h.A] be a subset containing i € M. Suppose 
that there exists an injection ip : [h.A) \ M — > swc/i i/iai 

(a) Resp A 4 = Res p (A^( t ) + f) for all t e [h.A) \ M; 

(b) t/>(*) > * /° r a ^ * G [^••*) \ M - 
77ien S£ ti (M)v = 0. 

PROOF. Set /i := A — a(i,n). Note that 
(a') ReSp/Xt = Res p (/x^,( t ) + l) for all t G \ M. 
Hence and by Lemma 16. f.l|lj)| we get for all 5h, • ■ ■ , £»— i: 

# • ■ -i£r^M« = ®E*-n te(M \, (( ,., ]X M)( Res ^" - Res ^< + ^ 

= n te( ,.. 4)W( ,.. 4AM) ( Res P ^- Res p (A t + l))(Res p A, - Res^ + l))v, 

which is zero because i/j{h) G {h.A) \ ip((h..i)\M). 

Let e, . . . , 5„_i g {o, i}. Set M' := (M \ {«}) U {i}, u' := • • • E^v, 
and v" 7 := Ef E-^ 1 ■ ■ ■ E^v. Note that v' ,v a g i(A) A . By Corollary El and 
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Lemma T2.4.H we have: 

K h ■ ■ ■ E n-iSU M ) « = £E5|<! n, ^ h • • • Ei'ShiM) Eft? ■ ■ ■ Efc? v 
= (-1) . . . Ef^S^M) Ep ■ ■ ■ EfrSx 1 v 

+(-1) eE E (-l) 1+(<5i+7)e ^" • • • E^ 1 S^(M>)E°E^ ■ ■ ■ E°X v 



= (-iy^^Et---Et- 1 1 S^(M)v' 

+ (_i) S E«i (i ..n) v (-i) 1+(5 ' +7)£ £;f h ---^r 1 1 5^(M')« c7 = o, 



7+cr— e+&i 



because, by Lemma WIM S E hfi (M)v' =0, and by L emma [6JL 21 ^(M'X =0. 

By Proposition ll.3.81 Lemma [1.3.9[ and Lemma l6.1.l|tii)[ it now suffices to prove 
that EfSfi^M^ = for all h < I < i — 1 and all 5. Apply induction on i - /i. By 
Lemma l6.1.1|(ii)[ we may assume that l + l £ M and prove that Sf +l .(M(i + x..i]) v — 
for any a. But this fact follows from the inductive hypothesis by considering the 
restriction ip' = ip\[i+i..i)\M (l+1 (] , which is an injection of \ My+x.A] — 

[l+l. A) \ M into [l+l. A), satisfying conditions similar to (a) and |(b)| □ 



Theorem 6.5.2. Let X e X(n), 1 < h < i < n, A, ^ (mod p), and X h ^ 
(mod p) or A, ^ 1 (modp). Let Res p \ h = Res p Aj =: ft, and [\~\ h<k<i ^(A)*.] = 
— m . Then for any nonzero homogeneous V r (n— 1) -primitive vector v £ L(X) x ~ a ( l ' n \ 
there exists a nonzero homogeneous U(n — l)-primitive vector w € U(i)v of weight 
A — a(ft, n). 

Proof. By Lemmas l5.1.7l and l5.1.91 there exists a flow T on (h..i] fully coherent 
with r^(A)|(/j..i]. Let S be the set of all sources of edges of T. Thus for any t G S, 
there exists a unique ^(f) e (Ti.i] such that (t,ip(t)) € T, and ip is an injection of 
S into By Proposition 15.2.11 we also have 

(a) Resp A* = Res p (A^( t ) + l) = /3 for all t G -5; 

(b) r/>(t) > t for all i G 5. 

Note further that i/j(S) C (h.A), for if ^>(£) = i for some t G 5, then by |(a)| we 
have Res p (Ai + 1) = /3 = Res p Ai, and so Ai = (mod p), which contradicts our 
assumptions. 

Denote M := (h..i] \ S. Note that i G M, for otherwise i G S, and i < 
V>(i) G (h.A] gives a contradiction. Set w :— Sh,i(M)v. We first prove that w is 
U(n — l)-primitive. As v is U(n — l)-primitive and by weights, it suffices to prove 
that Ef§ h j(M)v = for all h < I < i and all S. Assume first that h ^ I < i— 1. By 
Lemma l6.1.l|tn)[ it suffices to prove that ^M^+i.j]) t> = in the case l+l ^ M. 
But this follows from Lemma 16.5.11 if we consider the injection ip\[i+x..i)\Ma + i q- 
Now, by Lemma 11.3.91 to that w is U(n — l)-primitive, it suffices to prove that 
E h ■ ■ ■ Et-xSh,i{ M ) v = for an y 6 : l h - A ) {°> B y LcmmaEXji)] we have 

®E*=iII ie ( ft f )\v.((ft i)W)^ ReSp A/l ~ Res p( A * + 1 ))( RfiS p A h ~ Res p (^ + l))v, 

where /i = A — a(i,n). The last expression is zero because /ij + 1 = Ai, and so 
Resp Ah — Res p (/ii + 1) = Res p A^ — Res p Xi = 0. 
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Finally, we prove that w ^ 0. If w = 0, then E s h h •••£^1~ 1 1 u> = for all 
8 : [h..n) -> {o,i}. We set 

c:=TT (/3-Res„(A t + l)). 

As the flow r is fully coherent with rp(X)\(t l ..i]j we have c ^ 0. Denoting M' := 
[M \ {«}) U {«} and applying parts (i) of Lemmas 16.1.11 and I6.2.H we get: 

= Efc ■ ■ ■ = (-1)£%..»>25£ • • • E^S hti {M) ■ ■ ■ E 8 ^ « 

7+cr— i+<5j, 

(6.12) = © E «| IV . 4)=1 c (Res p X h - Res p (A l + l))£f • • • E^v 

V(-i) 1_h, c(^ +i:a||h " i) -(-i)' ,, 2: a i[ fc -- < )fl7 +i:a|[,k " <) ) 

7+cr— i+(5i 

Choose <5ft, ... , 5„_i so that E^E-^ 1 ■ ■ ■ E^v £ If 8 h H h = l then 

cancelling out c (-l)£%--"> in (|67T2]) . we get 



(6.13) 



= (X h (X h - 1) - (Ai + l)Xi) Ef* ■ ■ ■ E 5 ^ v + (X h + A,) ■ • • E 5 ^ v 
-(H h -H i )E l s ^E 5 i ^...Et- 1 1 v. 



On the other hand, if 5h + ■ ■ • + <5;-i = o, we get similarly: 

(6.14) = (H h - H,) E** ■ ■ ■ EtS v-(X h - A,) E^Eft? ■ ■ ■ v. 

Multiplying ([B~T3"1) by H h -Hi, using ([6TT41 and the equality (H h -Hi) 2 = H h + H u 
we get 

(X h {X h - 1) - (A, + l)Xi + X h + A,) (X h - A,-) - (A h + A,)] E** +X E%$ ■ ■ ■ E S ^ v = 0. 

As E^E^g ■ ■ ■ E 8 ;^ 1 v ? 0, we have 

(Afc(A fc - 1) - (Ai + l)Ai + X h + Xi) (X h - A,) - (A h + A 4 ) = (mod p). 

The equality Res p Aft = Res p Xi yields Aft (Aft — 1) — Aj(Aj — 1) = (mod p). This 
allows us to write the above formula as 

0=(Aft(Aft-l)-(A^+l)A i -[Aft(Aft-l)-A i (A i -l)]+Aft+A i )(Aft-A i )-(Aft+A i ) 
=(Aft - A l ) 2 -(Aft+A l ) = X\ - 2X h X t + X 2 t - X h - A 4 - [X h {X h - 1) - Aj(Aj - 1)] 
= -2X i (X h -X i + l) = (modp). 

Since by assumption Ai ^ (mod p), we get Aft = A, — 1 (mod p). Substituting 
this value of Aft to Aft(Aft — 1) — Aj(A, — 1) = (mod p), we get 

= (Ai - l)(Aj - 2) - A,(A, - 1) = -2A, + 2 (mod p). 

Hence Ai = 1 (mod p) and Aft = (mod p), which is a contradiction. □ 
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6.6. Extension: case Xh = 1 (mod p), A; = (mod p), and 
[U h<k ^ro(X) k ] = +- m 

Lemma 6.6.1. Let X G X(n), 1 ^ h < i < n, v be a U(n — 1) -primitive vector 
of L(A) A ~ a ^™\ e € {o,i}, and M C 6e smc/i £/iat i e M. Suppose that there 

exists an injection tp : [h..i] \ M — [h..i] such that 

(a^,) ReSp A t = Res p (A^( t ) + l) for all t G [h..i] \ M; 
(b^) ip(t) >t for all t G [h.A] \ M 
and an injection 9 : ([h.A] \ M) U {i} — > [h..i] such that 

(a e ) ReSp A t = Res p (Ag( t ) + l) for all t G ([h.A] \ M) U {«}; 
(b ) 9{t) ^ t for all t G ([h.A] \ M) U {i}: 

Then S^{M)v = 0. 

Proof. Set \i := X — a(i,n). Note the following property of ip: 
(a'^) Resp^ t = Res p (/i^( t ) + l) for all t G \ M; 

Indeed, we only need to check that Res p /x t = Res p (j ij + l) for t G [h„i] \ M such 
that = z. We have 9{i) — i by property (be) and i < i by property |(b,/,)| 
Therefore by properties (a,/,) and (ag)| we get 

(6.15) ReSp/x t = ReSp A t =Res p (Ai + 1) ^Resp^e^) + 1) = Res p A; — Kes p (^i + l). 

Note that in particular Res p (Ai + 1) = Res p Xi implies A^ = (mod p). 

Let Sh, ■ ■ ■ , <5j-i G {o, i}. As v has weight fj,, we have by (a^) and Lemma l6.1.]|[i)| 



n, 



(Resp/ih - Res p (fj, t + l))v = 0, 



te(h..i]\ip((h..i]\My 

by |(b^)| ip(h) G and by|(a^,)[ Res p fi h = Res p (/x^(^ + 1). 



Let 
L(A)\ u CT :: 

(6.16) 



.,5„_i €{0,i}, and set M' := (M\{i})U{l} ; u' := Ef 
EfE^W 1 ■ ■ ■ E^Si v G L(A) A . By LemmaHXH we have 



■E 



i + l 



+ (_!)*£%..», £ (-l)^+^...^- 1 ^ i (M')^. 

7+cr— 



Using ^, by Lemma [6.1. 2i we get S£ i (M)v' = 0. On the other hand, using 9, by 
Lemma [6X21 with q = i, we get S^J[M') v a = 0. 

By Proposition ! 1 .3.81 and Lemma ll.3.91 it now suffices to prove EfS^^M) v = 
for any h ^ I < i—l and <5 G {o, i}. We apply induction on i— ft,. By Lemma l6.1.1|(ii)| 
we may assume that 1 + 1 ^ M and prove that 4 (Ma + i..ji)i; = for any a. But 
this equality follows from the inductive hypothesis if we consider the restrictions 
4>' = V%+i..i]\M (!+1 .. l] and 9' = 9|(p + i,.i]\ %ul ) u{i} , which are injections from 

[l+l.A]\M (l+1 . A] = [i+l.i]\Mand ([l+l.A] \ M (l+1 = ([l+l.A] \ M)U{i} 

to [i+l.. i] satisfying conditions similar to (a^) (b^,) (a#) and (bg) □ 



Theorem 6.6.2. Let X € A(rt) and 1 ^ h < i < n, A^ = l (mod p), A^ 
f ) (modp), anc! [l~[/i<fe<j r o(A)fe] = H — m . Then for any nonzero homogeneous 
U (n—V) -primitive vector v G L(A) A ~ Q ^'™\ there exists a nonzero homogeneous 
U{n — l)-primitive vector w € U(i) v of weight X — a(h, n). 
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PROOF. We construct a flow r on [h.A] and a weak flow A on (h.A] as follows. 
If [rih</c<i r o(A)fc] = 0, then by Lemma f5. 1.91 there exists a flow Tq on (h.A) fully 
coherent with ro(A)|(j,..j), and we set T := Tq U{(h, i)} and A := To U {(i, i)}. Now 
let [Uh<k<i r oWk] + 0. We have [U h<k<i r Q (\)k] = + s - r by Proposition MM 
Then 

f + s+1 - if r = 0: 

+- m = [U h<k ^ ro(X)k] = [(+ s -'') +-] = { ^ r ., n 

I + s — if r > 0. 

So r = implies s = 0. But we cannot have r = s = 0, as [Il/i<fc<i r o(A)fc] 7^ 0. 
So r > and s = 1. Applying Lemma 15.1.121 to ro (A) | (^..i) , there exist h < a\ < 
■ ■ ■ < a q < i, with q > 0, such that 

• n>(A) ai = • • • = r (X) aq = H — : 

• [Ilfce( a ,_ 1 ..a ! ) r o(A)fc] contains only -'s for all I = l,...,q + 1, where 
ao := h and a g+ i := i; 

By Lemma 15.1.91 for I — 1, . . . , q + 1, there exists a flow T/ fully coherent with 
(A) I („,_!..<,,). We set T := {(/i, 01), (a 1; a 2 ), . . . , (a q -l, a q ), (a q , i)} U US r / and 
A := {(<zi, cii), . . . , (a q , a q ),(i,i)}Li[j T;. Then T is a flow and A is a weak flow. 

We denote by S the set of all sources of edges of T except h. Then the set of 
all sources of edges of T is SU{h} and the set of all sources of edges of A is SU{i}. 
For any t G S U {h}, there exists a unique t/j(t) G such that (t,ip(t)) G T. For 
any t G 5 U {i}, there exists a unique 6(t) G (ft,..?] such that (t, 0(f)) G A. Clearly, 
V> and are embeddings of S U {/i} and 5 U {i}, respectively, into (h.A]. 

We note the following properties of ip and 9, following from the fact that each 
Ti is a flow coherent with ro(A)|( Qil ai ), Definition 1 5 . 1 . 61 and Proposition 15 .2 . ll 

(a,/,) Resp At = Res p (A^( t ) + l) for all t G S U {h}; 
(tty) > * for alU G S U {h}. 
(ag) ReSp A t = Res p (Ag( t ) + l) for all t G U {i}; 
(b ) 0(t) ^ t for all t e5U{i}; 

Now set M := (h.A] \ S and, for e G {0, 1}, define w e := S^^M) v. We claim 
that w° or w 1 is the required U(n — l)-primitive vector. 

We first prove that w e is U(n — l)-primitive. By (a^,) and (|6.15|) . we have 
(a' ) Resp /Lt t = Res p (/i V , (t ) + l) for any t e SU {h}; 
Note that ip(h) G (/i..i] \ ip((h.A] \ M), as ip(h) > h and -0 is an injection. So, by 



Et ■ ■ ■ E^SUM)^®^ II, , \ J&*> H-**pQh + 1))« = 0. 



Lemma r6.1.]|(i)| and (aL) we get 

n 

4£(k.,t]\i/i((li..)]\M) 

Now by Lemma [1.3.9I and weights, it remains to show that Ef S£ i (M)v = for 
any h ^ I < i — 1 and any 5. By Lemma l6.1.l|tn)| we may assume that I + 1 ^ M 
and prove that i (M/;_|_i,.j]Ju = for any a G {0, 1}. But this equality follows 
from Lemma 16.6.11 if we consider the restrictions tp' — ip\[i+i..i]\M {l+1 a an( f ®' = 
^l([/+i i]\M (1+1 j)u{i}- ^0 check that ip' and 0' are well defined, note that Z + l ^ M, 
and so [Z+l.i] \ M^+^.j] = [l+l.A] \ M C \ M = 5. 

Now suppose that w° = ui 1 = 0. Then E A h h ■ ■ ■ E^w 6 = for all 5 h , . . . , <5„_i, 
and the equality (jBTTC)) holds, where v' = E s % ' ■ ■ ■ E^v, v a = EfE 6 ^ 1 ■ ■ ■ E^v, 
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W = (M\{i})U{i}. Moreover, note that S U {h} = [h..i] \ M and |(a,/,)| and |(by,) 
hold, so by Lemma S^{M) v' = 0. Thus, by (|Fl6j) and Lemma IfLSjjjTjJ we 
have 

7+cr— e-\-8i 

= (_!)*£%..„) II (-R eSp (A t +l)) ^ (-l^ff^'^'V. 

te(ft..i]\e((h..i]\M') 7+<T=e+(Si 

Note that (/i.i] \ M' = 5U {i}. Since every L; is fully coherent wit h ro(A)|( g i _ 1 ,. ai ), 
we see that A is fully coherent with ro(A)|(ft..ij. So, by Proposition 15.2. l[{2)[ we get 
n tG (/ i .. l ]\e((/ l .. l ]\Af') Res ? >( At+1 ) ^ 0. Hence 

j2 (-i) 7£ ff,r E5i[h - s, « CT =o. 

7+cr— e+(5i 

Choosing 5h, - ■ ■ so that 5/, + ■ ■ • + = e, we get (— \) e v 5i +Hhv Si+1 = 
for any e £ {o, i}. As p > 2, have u*< = Ef* ■ ■ ■ E^pi v = 0. As 5», . . . , <5„_i arc 
arbitrary and w is U(n — l)-primitive, we get v = 0, which is a contradiction. □ 

6.7. Normal indices and primitive vectors 

Theorem 6.7.1. Let A G X(n) and i be a X-normal index. Then in L{X), there 
exists a nonzero U(n — 1) -primitive homogeneous vector v of weight A — a{i,n). 

PROOF. Set (3 := Res p Ai. As i is A-normal, [Qi<fc<n r ^(-^)fc] contains — j. 
Assume first that (3^0. Then [Ili<fc<n r ^(A)/c] cannot contain any +'s. 

Case 1: [U i<k < n r p( X )k] = ~\ with r > 0. In this case, [U l<k ^ n r p( X )k] 
does not contain + for any value of A„. The required result follows now from 
Theorem [5X3] 

Case 2: \J\ i<k<n ^(A)^] =0. As Xi ^ (mod p), the required result follows 
from Theorem 16.2.31 

Now let (3 = 0. Then one of the following two conditions must holds: 

• [IL<fc<n r o(A)fc] = — r for some even non-negative r (cf. Corollary [5X3]); 

• r (X)i = and []l 4 <fc<n r o(A)fe] contains exactly one +. 

Case 1: \J\ i<k<n ro{X) h ] = ~ r , with r > 2. In this case, rii<fc<„ r o(A) 
does not contain the sign + for any A n , and we can apply Theorem 16. 1.31 

Case 2: [JIi<fc<rt r o(^)fc] = - In this case, Xi and A„ are not both divisible 
by p by the definition of a normal index, and we can apply Theorem 16.2.31 

Case 3: A,- = 1 (mod p) (equivalently r (A), = ), [Jh<fc<n r o (^)fc] is of 

the form H — m , and A„ ^ — 1 (modp). Then m > by Corollary 15.1. 41 and 



^o(A)„ 7^ ++• So [rii<fc<n r o(A)fe] contains exactly one +. The required result 
now follows from Theorem 16.3.31 

Case 4: A, = 1 (mo d p), [l\ i<k<n r (X)k] is of the form H — m , and X n 
1 (modp). By Lemma [5.1.121 there exists a section of f"o(A)|(,,, n ), see Defini- 
tion [5TTTT5J Let a be its maximal element. We have the following properties: 

• A a = (mod p); 

• [lla<fe<ri r o(A)fe] does not contain any +'s; 

• [n l <^a r o(A) fc ] = +-. 
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Applying cases 1 and 2, which we have already considered, we obtain that there 
exists a nonzero U(n — l)-primitive homogeneous vector w G L(X) of weight A — 
a(a, n). Next, we apply Theorem l6.6.2l to obtain a nonzero homogeneous U(n — 1)- 
primitive vector v S U(a) w C L(X) of weight A — a(i, n). □ 

Theorem 6.7.2. Let A 6 X(n), h be a X-normal index, h < i < n, and Res p Xh = 
ReSp Aj. Then for any nonzero homogeneous V (n— 1) -primitive vector v € L(A)^ — a ^' ra ', 
i/iere exists a nonzero homogeneous U(n — 1) -primitive vector w € U(i)v of weight 
X — a{h, n). 

Proof. Set /3 := Res p Ai. As /i is A-normal, [nfc<fe<« r pWk] contains — h- 
Assume first that (3^0. Then [JI/i<fc<i r pWk] does not contain any +'s. Now 
the required result follows from Theorem 16.5.21 

Now let (3 — 0. Note that Xh = or 1 (modp), and A; = or 1 (modp). 
Moreover, one of the following conditions holds: 

• [rih<A : ^ l r o(A)fc] docs not contain any +'s; 

• r (X) h = and [JIfc<fe<i r o{X)k] contains exactly one +. 

Case 1: \$\h<k^i r o(A)fc] = - m , Xh = 1 (mod p) and A l = 1 (mod p). In this 
case the result follows from Theorem 16.5.21 

Case 2: \$\h<k<i ro(X)k] = — m , Xh = (mod p) and X L = 1 (mod p). In this 
case the result follows from Theorem 16.4.21 

Case 3: [U h<k<i ro(X)k} = ~ m and A, = (modp). If [U h<k<i ro{X)k\ = 
+ s - r , then 

- m = [ n = [[ n r °w»] +-} = t(+ s - r ) + -i = 

h<k^.i h<k<i 

Hence s = and r — m > 0. Considering the map ro(X)\rh..i)i By Lemma l5.1.10[ 
we get that there exists an index a € (h.A) such that 

• r Q (X) a = (that is, X a = 1 (mod p)); 

• []la<fe<j r o(A) fe ] equals either or H — ; 

• [Uh< k<a ro{\)k]=- m . 
Regardless of which possibility in the second line holds, we have [JIa<fc^i r o(A)/c] = 
H — . By Theorem 16.6.21 there exists a nonzero homogeneous U(n — l)-primitive 
vector u € U(i) v of weight A — a(a, n). To finish the proof in this case, it remains 
to apply cases 1 and 2, where we consider a instead of i. 

Case 4 : [Ylh<k<i r o(A)fe] = H — m and Aj = 1 (modp). In this case Xh 
1 (modp). By Lemma |5.1.12[ there exists a section of ro(X)\th..i]i see Defini- 
tion [5TTH31 Let a be its maximal element. We have the following properties: 

• A a = (mod p); 

• [rW^ (A) fc ] 

• [Ilfc<fc£a r o(A)fe] = +-. 

By Theorem 16.4.21 there is a nonzero homogeneous U(n — l)-primitive vector u € 
f/(i) v of weight A— a(a, n). Now, by Thcorcm l6.6.2[ there is a nonzero homogeneous 
U(n — l)-primitive vector w € U(a) u C U{a) U(i) v = U(i) v of weight A — a(h, n). 

Case 5: \£lh<k<i r o{X)k] = +— m and Xi = (modp). In this case Xh = 1 
(mod p). The result now follows from Theorem 16.6.21 □ 




CHAPTER 7 



Main results on U(n) 

7.1. Criterion for existence of nonzero U(n — l)-primitive vectors 

Proposition 7.1.1. Let A,/i = (pi, . . . , fi n ) € X(n) and \i < A. Let /I := 

(fix, . . . , /in-l) € -X"(n — 1). ^4 vector v g £(A) is a fi-weight vector of L(X) if 
and only if it is a fi-weight vector of the restriction L(A)[/(n-i) • 

Proof. This follows from the fact that v\ H + v n = Xx H + A n for any 

weight v of L(X), and so any weight of L(X) can be recovered from its first n — 1 
components. □ 

Recall functions cf 5 from Section HOfl We will abbreviate cf = cf° and cf = cf 1 . 

Theorem 7.1.2. Let X 6 X(n) and 1 ^ i < n. Suppose that there exist F,F' 6 
[/<0( n )- Q (i : n) such that FL ^x) x = F'L(X) X = and 

cU,n( F ) € F *> Cfi,n(^) = 0, cfi,„(F') = 0, di, n (F') € F X . 
T/ien i/iere is no nonzero U (n—1) -primitive vector of weight X — a(i,n) in L(X). 

Proof. Suppose on the contrary that such a vector exists. Then the vector 
space W of all U(n— l)-primitive vectors in L(A) A ~ Q ^' n ) is nontrivial. In fact, 
W is a U°(n — l)-subsupermodule of L(X). Let Wo be an irreducible U°(n— 1)- 
subsupermodule of W. By Proposition 11.3.21 we have Wo = u(/i), where fi := 
(Xi, . . . , A,_i, Aj— 1, A,+i, . . . , A„_i). By the universality of Verma modules, there 
is a non-zero U(n — l)-homomorphism from the U(n — 1)-Vcrma module M(fi) to 
the restriction L(A) t /( n _ 1 ). So, using (|1.4p . we have 

7^ Hom t/ („_ 1) (M(/z),L(A)i7(n-i)) = Homrj( n _i) (L(A)^( n _i), M(fi) T ) 

= Hom, 7 <o (n _ 1) (L(A) t/ <o (n _ 1) , u(fi)) . 

So there exists a non-zero L r -°(n— l)-homomorphism y> : L(X) — > u(/i). We may as- 
sume that ip homogeneous. Noting that fi = (A — a(i, n))\uo (n-i)j Proposition 17.1.11 
implies that tp is zero on each i7°(n)-weight space of L(X) except L(X) x ~ a ^ l ' n \ The 
space L(X) x ~ a ( l ' n ) is spanned by vectors of the form 

(7 1) F £ ° F £l - ■ ■ ■ F £lv_1 w 

where i < ii < • ■ ■ < ijv-i < n, £o, • • • ,£jv-i € {o, 1} and tu G £(A) A . If AT > 1 
then ii < n and we get 

m(F eo F ei . ■■■F SN - 1 w) = (~l)^\Wo pea y/pei. . . . F s N-i \ Q 

since the vector ■ ■ ■ F^~_^ n w has weight A — a(ii,n) 7^ A — a(i, n). Hence 
= ip(Fw) = ip(F ltn cfi,„(F) w +F i>n d^ n (F) to) = cf ijK (F) ip(F i}n w). 
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Since cU, n{F) ^ 0, we get ip(Fi in w) = 0. Similarly from = ip(F'w) and cf, jn (F') ^ 
0, we get (p(Fi <n w) — 0. Hence ip take all vectors (I7.1[) to zero. Thus we have proved 
that ip = 0, which is a contradiction. □ 

Let A € X(n). We introduce a linear map ev A on 

»=(»>)■■■(»:) s*... st 

with ax, • . • , a n ^ and b±, . . . , b n G {0, 1}, we set 

evA(ff) :=(*;) ••■(!") &\ ■ ■ ■ Hn n , 
and extend by linearity to the whole U° (n) . Now we set 
ev\(F eo F ei ■■■ I- II J - F eo F ei ■ ■ ■ F Em ■ ev\ (H e °'-' Sm .) 

and extend ev A linearly to the whole U-°(n). By dehnitions, we have: 
Proposition 7.1.3. Le£ F G (n)-"^ and A G X(n). TTien 

t < i (ev A (F))=ev A (cf^.(F)). 

Moreover, Fv — ev\(F)v for any vector v of weight A belonging to some U(n)- 
supermodule. 

We now prove one of our main results. 

Theorem 7.1.4. Let A G JT(n) and 1 ^ i < n. There exists a nonzero U(n — 1)- 
primitive vector of weight A — ct(i, n) in L(X) if and only if i is a X-normal index. 

Proof. In view of Theorem l6.7.11 it suffices to prove that if i is not A-normal, 
then there is no nonzero U(n — l)-primitive vector of weight A — a{i, n) in £(A). 

So let i be not A-normal. We set /3 := Res p A^. By Definition 15.2.31 one of the 
following conditions holds: 

(a) f3 ^ and [Jli<fc<n r p{^)k\ contains at least one sign +; 

(b) (3 = and [Jli<fc<n r pWk] contains at least two signs +; 

(c) r / 3(A) i = H — and [XL<fc<n r pWk] contain exactly one sign +. 

( d ) []li<fc<„ rpWk] = and A, = A„ = (mod p). 



First, we consider the cases (a) and |(b)| By Lemmas l5.1.8l and l5. 1.151 there exist 
j G {i + 1, . . . , n — 1} and a flow T on (i..j] coherent but not fully with ^(A)]^..^, 
and not having buds on (i..jj. Let S be the set of all sources of edges of T and set 
M := ({i..j}\S)i){j + 1}. We define the injection ip : {i}US as follows. 

If s G S then we set i(j(s) equal to the unique index such that (s, ip(s)) £T. As T is 
not fully coherent with rp(A)\(i..j], there exists e G (i--j] such that rp(X) e contains 
+ and no edge of T ends at e. We set ip(i) := e. Now we can apply Lemma [6.2.21 
to conclude that for any e G {o, 1} and G L(\) x , we have 

(7.2) S* j+1 (M)vt = 

Now, we set 

evx{F j+l! „Si, j+ i{M)) if j + 1< n; 
ev A (S* 4J+ i(M)) ifj + l = n, 

evA(F J+ i, n ffij + i(Af)) if j + 1 < n; 
ev A (5 iJ+ x(M)) ifj + l = n. 



F := 
F' := 
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By £L2) and Proposition ELS we get FL(X) X = F' L{\) x = 0. If j + 1 < n then 
by Proposition 17.1.31 and Lemmas 12.6.31 and 12.6. 1[ we get 

dl n (ey x (F j+hn S t s tj+1 (M))) 
= ev A (cf^(^ + i, n ^. +1 (M))) = ev A (rf£. +1 (S& +1 (M))) 

=©^n teMU - } ^( c (^)) - ®^u tei ,, ]Xs ^-^^ 

If j + 1 = n then by Proposition 17.1.31 and Lemma 12.6. 1[ we still get 

< n (ev A (S&+i(M))) = ev A (ci^. +1 (^- +1 (M))) 

Thus we have obtained the following formulas: 

cUAF) = J] {0 - Res p A t ), ~UJF) = 0, 

cf i ,„(F') = 0, =*[\.. . n ,(/3-Res p A t ). 

-•- J -te(i..j]\s 

We claim that IlteO j]\s(@ ~ -^ es p ^ 0- Otherwise we would have Res p A t = /3 
for some t € \ S. By Proposition I5.2.l|(l)| we obtain that rp(\)t contains 

— ant therefore i is a bud of T on with respect to ^(A)|(j..jj , see Defini- 

tion EX^7)I(8)] This is a contradiction. By Theorem 17. 1.21 we now conclude that 
there are no nonzero U(n — l)-primitive vectors of weight A — a(i,n) in L(X). 

Now we consider the remaining cases (c) and |(d)| In the case (c) we set j equal 
to the minimal element of some section of fo(A)|(j.. n ), see Definition 15. 1.131 an d in 
the case |(d) | we set j := n. In both cases, we have 

• Xi = Xj = (mod p) ; 

• [IW^oMfc] =0. 

By Lemma l5.1.9[ there exists a flow T on fully coherent with f"o(A)|(j..j) and 
having no buds on Let S be the set of all sources of edges of T and define 

M := \ S) U {j}. For any s £ S, let tp(s) be the unique number such that 

(s,-0(s)) G T. Clearly, -0 is an injection of 5 = (i.-j) \ M into Now we can 

apply Lemma [6.2.41 to conclude that for any e G {o, 1} and vj^ 6 £(A) A , we have 

(7.3) S&(MK=0 

Now, we set 

_ f ev A {Fj t7l Sij (M)) if j < n; f _ ( ev A (F J - n Bij(M)) if j < n; 

'~ \eyx(Sij{M)) if j = n, "~ \ev A (^(M)) if j=n. 

By d7T3]) and Proposition [7X3 we have FL(X) X = F'L{X) X = 0. If j < n then by 
Proposition 1 7 . 1 . 31 and Lemmas 12.6.31 and 12. 6. 11 we get 

cifJevxiF^Sf^M))) = ev A (cf ?JF,- „S£(M))) = ev A (cf£.(S£(M))) 

=©^n teMUJ} ^( c (^)) = ®^n te( ,, )VS (^- Res ^*)- 

If j = rt then by Proposition 17. 1 .31 and Lemma r2.6.1l we still get 

cf * n (ev A (S£(M))) = ev A (cf^.(^.(M))) 
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Thus we have obtained the following formulas: 

cfi, n (F')=0, rf iin (F')=n , ue^-ReSp**)- 

J- J -te(i..j)\s 

Now, we have Y\te(i j)\s(P ~ Res p A t ) 7^ 0, since the flow T has no buds on 

By Theorem l7.1.2| we conclude that there are no nonzero U(n— l)-primitive vector 

of weight A — a(i, n) in L(X). □ 

7.2. The socle of the first level 

Before proving the main result, we need to establish the following simple fact. 

Proposition 7.2.1. Let A € X(n) and v be a nonzero U(n — 1) -primitive vector 
in L(X) T . Then r = A — a(ii, n) — ■■■ — a(i m , n) for some indices i\,...,i m € 
{l,...,n-l}. 

Proof. By Proposition [Oj] the operators of the form 

n E t n) - n n n ^\ 

l^k<n l^k<n l^fc</<n l^.k<l<n 

with afe,/ e Z> and bk,i € {0, 1}, form a basis of /7 + (n) (the order of factors in each 
of these four products is arbitrary but fixed). So one of these operators must move v 
to a nonzero vector of £(A) A . As v is U(n — l)-primitive, the last two products must 
be empty. Thus this operator has weight k<n a k, n a(k, n) + Y,i<^ k<n bk, n a(k, n) 
and the vector v has weight A - Xa<fe<n a k , n a(k, n) -Y,i^k< n bk, n a{k,n). □ 

Now we prove our second main result: 

Theorem 7.2.2. Let A € X(n), 1 < i < n, and 

/it := (Ai, . . . , Ai_i, Xi — 1, Aj+i, . . . , A„_i). 

There exists a U(n — l)-subsupermodule of L(X) isomorphic to L(fj.) if and only if 
i is a X-good index. 

Proof. Suppose first that i is not a A-good index. If i is not A-normal, then 
by Theorem 17.1.41 there is no nonzero U(n— l)-primitive vector in L(X) x ~ a ^' n \ 
Then by Proposition 17.1 .11 there is no nonzero U(n — l)-primitive vector of weight 
/i with respect to U°(n — 1) in L(X). So L(/i) is not a submodule of the restriction 
L(A)j/( n -i) • So we may assume that i is A-normal, but there exists another A- 
normal index h < i such that Res p Xh — Res p A^ , see Definition 15.2.51 Assume that 
L(n) Q L(A)[/( n _i). Pick a nonzero vector v € L(/i) M . By Proposition 17.1.11 we 
get v € L(X) x ~ a ( l ' n \ By Theorem 16.7.21 there exists a nonzero U(n — l)-primitive 
vector w € U(i)v C L(p) of weight A — a(h,n). This contradicts the irreducibility 
of L(ji). 

Conversely, let i be a A-good node. Then by Theorem 16.7.11 there exists a 
nonzero U(n — l)-primitive homogeneous vector v € L(X) x ~ at -' l ' n \ Let W be an 
irreducible subsupermodule of the U°(n — 1) supermodule U°(n — l)v generated by 
v. By Proposition ll.3.2l we have W = u(/i). Consider the U(n— l)-subsupermodule 
M of L(X) generated by W . It suffices to prove that M is an irreducible U(n — 1)- 
supermodule. 
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If not, then M contains a proper nonzero subsupermodule M' . Note that 
WDM' — 0. Choose any nonzero weight vector v' in M' of maximal possible weight. 
Then v' has weight \i — j3, where /3 is a sum of positive roots of the form a(k, I) 
with 1 < k < I < n. The maximality of the weight of v' implies that v' is U(n — 1)- 
primitive. Since fj, = (A— a(i, n)J |n.. n ), we obtain fj, — /3 = (A — ct(i, n)— ) — 
By Proposition 17X11 we get v' e L(A) a ~ q( ^" ) - /3 . So, by Proposition I7TT1 we 
must have /3 = a(h,i) and u' e L(X) x ~ a< - h ' n ^ for some ft, < i. By Theorem [7.1.41 ft 
is a A-normal index. Moreover, by the universal property of Verma modules, M is 
a quotient of M(/x), and so L(/i — a(h, i)) is a composition factor of M([i). By the 
Linkage Principle of j!6l Theorem 8.10], it is easy to see that Res p Aft = Res p A^. 
This contradicts the fact that i is a A-good index, and so the proof is complete. □ 

Let A € X(n) and consider the irreducible supermodule £(A). Recall the simple 
roots ax, ... , a n -\. Define the jth level of L{\) to be 

L(X)j:= L(\r, 

where the sum is over all weights /i of the form [i = A — ja n —i — ^2i1 = i ffiiOLi. Note 
that L(X)j is invariant with resect to the action of U(n — 1) C U(n). So we have 

i(%(n-i)=0iWr 

j>0 

We now restate the main results on U(n) obtained above as the results on the 
first level L(X)%. 

Theorem 7.2.3. Let X e X(n), and e X(n - 1). Then 

(i) Hom C /( Il _ 1 )(Af(/i),i(A)i) ^ if and only if /J, = (Ai, . . . ,A n _i) - e l for 
some X-normal index i. 

(ii) Honi C / (ll _ 1 )(L(^),L(A)i) ^ if and only if (i = (Ai, . . . ,A n _i) - for 
some X-good index i. 

(iii) Assume in addition that X £ X+(n) and /i 6 X+(n — 1). Then we have 
Hom c/(n _ 1 )(t/(^),L(A)i) 7^ if and only if fj, = (Ai, . . . , A n _i) - s< /or 
some X-normal index i. 

PROOF. Note, using Proposition 17.2.11 that Hom C /(„_ 1 )(L(^), L(A)i) 7^ im- 
plies that Hom[/( n _!) (M(/i), L(A)i) =/= 0, which in turn implies that /1 is of the form 
(Ai, . . . , A„_i) — £j. Now the result follows from Theorems 17.1.41 and 17.2.21 and the 
universality of Verma modules M(/x) and Weyl modules V(/x). □ 



7.3. Complement pairs 

Let M be a ?7(n)-supermodule. We call a pair of vectors (v, v') of M a com- 
plement pair if 

(7-4) = 

for all i = 1, . . . , n — 1 and e £ {0, 1}. The set of all complement pairs of M is 
denoted by cp(M). Clearly, cp(M) is an F-linear space under componentwise sum 
and multiplication by scalars. 
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The space cp(M) has the following Z2-grading: 

cp(M) = {(v, v') G cp(M) | v e Mo and u' 
cp(M)i = {(«, u') € cp(Af) | v e Mi and v' € M }. 

To prove that cp(A/) = cp(M) D ffi cp(M) 1 , let (u, u') 6 cp(M) and decompose 
w = v + and v 1 = v' + v^, where v , v' € Af and Vj_, € M x . Then (v, w') = 
(u ,<) + (ui,«o) and ([73| gives £f n v + = #f+X + £f+X; whence 

3i,»«o = ^f,n«x = Oo.i-e- € cp(M) and <) g cp(M) 1 . 

Consider the new action of U(n) on Af given by x • to := ( — I^'^'xto for any 
homogeneous x £ U(n). Under this action M is still a [/(n)-supermodule. When 
dealing with this action, it is convenient to consider the opposite grading on M. 
This new supermodule module is then denoted by HM, see [301 Section 12.1]. 

We denote by U® v (n) the subalgebra of U(n) generated by all r^M . 

Lemma 7.3.1. The space cp(Af) is a U(n — l)U® v (n) -module under the action 
x{v, v') = (xv, x • v'). 

Proof. It suffices to prove that (ecu, x»v') € cp(Af) for x being a generator of 
U{n— l)U® v (n) and (v, v') £ cp(Af). We fix some i £ {1, . . . , n — 1} and e £ {o, 1} 
and check that Ef n xv = E^ 1 (x • v'). 

Case 1: x supcrcommutes with E in and E iiU . Multiplying both sides of (|7.4[) 
by a;, we get 

(-l)^El n xv = (-l)(=+*)H*ll E^xv', 

whence 

Ef >n xv = (-1)II*H^+W = E^(x • v'). 

Case 2: x = ■ Apply induction on m, the case to — being obvious. 
Multiplying both sides of (|7.4j) by a;, we get 



E 



Hence 

+ Eln^y = E^( H n ;)v' + E^^v', 
and we are done by the inductive hypothesis. 

Case 3: x — (^\- Apply induction on to, the case to = being obvious. 
Multiplying both sides of (|7.4[) by a;, we get 

h n \ m J i.n \ m I 

Hence 

Eln&y- Kn (^) « = *e (^)t/ - (^) 

and we are done by the inductive hypothesis since (*^ZiJ ~ J2k+i=m-i \ k) 
Case 4 : x — Hi. Multiplying both sides of (|7.4j) by x, we get 

{-ifEt^v + e^v = (-ly^E^Hiv' + i^y, 

and the result follows. 
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Case 5: x = E^\ Apply induction on m, the case m = being obvious. 
Multiplying both sides of (|7.4[) by x, we get 

EiAfv + Ef !n Elj-% = E^E\fv' + E^E%-%>. 

Applying the inductive hypothesis, we obtain the required formula. 
Case 6: x — 2?j Multiplying both sides of (|7.4[) by x, we get 

{-lfEl n Euv + E^v = (-lY^E^E^v' + Ef^v' 

or 

El n E u v = -E^EiW = E\%\E ltl . v'). 

Case 7: x — i^ j . Apply induction on m, the case m — being obvious. 
Multiplying both sides of (|7.4|) by x, we get 

^„^r } - + El n F^v = E^fv' + Ef^Fft-%'. 

Applying the inductive hypothesis, we obtain the required formula. 
Case 8: x — F^i. Multiplying both sides of (|7.4j) by x, we get 

{-IfEf^v + E^v = (-ly^E^htv' + El n v', 

or 

as required. □ 

Remark 7.3.2. The action of H n on cp(M) is not well-defined. However, if M 
has a weight space decomposition, then the action of U® v (n) yields the weight 
space decomposition cp(M) = Me x(n) cp(M) Ai such that a pair (v, v') £ cp(M) 
has weight fi € X(n) if and only if v and v' both have weight fi. In fact, the 
Z2-grading of cp(M) and the action of U(n — l)U® v (n) on cp(M) make cp(M) into 
a U(n - l)f7 e ° u (n)-subsupermudule of M © UM. 

Denote by V the natural U (n)-supermodule. By definition, V has basis 
Vi,...,v n and V x has basis Vi, .. .,v n so that, setting v° := u, and := Vi, we have 

X&t£ = ® ]=k vt +S , 

and all elements X> ^ and ( Hi ) with m > act on V as zero. 

Let us consider in more detail the dual natural module V* . It has the grad- 
ing V* = V * ® V*, where V * = {f e V* \ f(V x ) = 0} and Vf = {/ G V* \ 
f(Vo) — 0}. The action of U(n) on V* is then given by the formula (xf)(v) = 
(—iy\ x \\\\f\\ f(ji{x)v) for homogeneous / and x. Let us write down this action ex- 
plicitly. Let /? : V — > F be the linear map given by = © z=j&e=<5liF- We 
have 

{xytM) = (-!) E5 /f (^(^>fc) = (-i) e5+i /f 

= (-iy s+i ® l ^® J=k s,e +s =r = (-iy s+i ® t=l f; + \vi). 

Hence we get 

xyt = ® l=l {-iy + ^ s r+ s . 
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Clearly all elements xffi and (f r ^J with m > act on V* as zero. As usual, we 

set ft := /? and /; := ft. 

We introduce the linear map e : cp(M) — > M by 

n— 1 n— 1 

(7.5) e(«,t/) :=v(8/„ + ^-Bft > „u8)// l -(-l) l|l '' ll w'®/„-(-l) l|,, ' ll ^Sft,nw'®/ft 

for any homogeneous pair (v,v') € cp(Af), which extends by linearity. Note that 
this formula works even for v' — 0, in which case \\v'\\ is not defined. 
For any U (n)-module W , we define the Y -invariants of W to be 

W Y := {w e W | E^w = Ei, n w = for all f < i < n and m > 0}. 

The following lemma is an analogue of |101 Lemma 5.3]. 

Lemma 7.3.3. For any U{n)-supermodule M with weight space decomposition, 
the map e : cp(M) — > M ®V* is an even injective homomorphism of U(n — 1)- 
supermodules whose image contains {M ®V*) Y . 

Proof. The injectivity is straightforward from the linear independence of 

/ 1 ) • • • ) fn t / 1 j • • • j fn • 

To show that e is a homomorphism of U(n — l)-modules, it suffices to prove 
that xe(v, v') — e(xv, x • v'), for any generator x of U(n— 1) and homogeneous pair 
(u, v'). Note that the last condition implies \\v\\ + \\v'\\ — l if v ^ and v' ^ 0. 

Case 1: x = L^jJ with i < n and m > 0. We may assume that v and v 1 are 

weight vectors. Then the result follows from the fact that has weight —Eh and 
Eh tn has weight a(h, n) = eh — En- 
Case 2: x — Hi with i < n. Multiplying (|7.5[) by x, we get 

n-l 

H t e(v,v') = HiV ® /„ + ^ ffiS ft)n u ® / h - (-l)IH£fc )T ,« ® /; 
fc=l 

ji— 1 

-(-l)!!"'!!^' / n _ (_i)IMl £ F^ ft ,„u' ® i / h - ® /i 

fc=i 

n-l 

= fliU ® /„ + ^ E h,nSiV ® fh + Ei, n v ® /; - (-l) M E. hn v ® /; 
ft=l 

-(-l^^'UiV ® /„-(-l) l|l/|1 ^ ® ^-(-l)^'"^' ® fi-E^i/ ® /< 



e(ifiU, ffi • ?/) + ® /i - Si,n«' ® /, 

(-ljH^t, ® /i + (-l)^^/ ® /, 

The sums in the square brackets equal zero by (|7.4|) and |u|| + ||w'|| = l (if v — 
or v 1 = 0, then both summands in the second pair of square brackets equal zero). 
Case 3: x — E^j with m > 0, 1 < i < j < n. Multiplying (|7.5|) by x, we get 

n-l 

E[fe{v, v 1 ) = Effv ®f n + Y, E i7 )E h,nV ® h - E^E^v ® fi 

h=l 
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- ( -i)ii*'iii§V ® /„ - (_i)ii»'ii ^ 47^,,^' ® /, 

+(-l)\\v'\\E%- 1) E itn v'®f j 

n-l 

/l=l 

n-l 

£ <E> A = e(Effv, Eff . „'). 

h=l 

Case 4 : x — Eij with 1 < i < j < n. Multiplying (|T. 5|) by x, we get 

n-l 

Bi,je(u, u') = ® /„ + ^ E i:j E hin v ® //, - (-1) M-E^v ® 

n-l 

-(-l^'U^V ® / n - (-l)ll^'H £ E id E h , n v' OA- 

ft,=i 

n-l 

= fjjw ® /„ + ^ E h . n E id v ®f h + E hn v ® - (-l)ll"ll^ i>n « <g> /j 

h=l 

n-l 

-(-l^'II^V ® /„ - £ E htn E id v' ®f h - (-1)1^11 Bi,„i/ £ 

h=l 

-E i}7l v' ® /j = e(E itj v, E itj • v') + [E hn v ® /, - i^nt/ ® /,] 

-[(-1)"^ ® £ + (-l) 11 ^' 11 ^' (8 /,-] 

The sums in the square brackets equal zero by (|7.4j) and ||i>| + ||i>'| = l. 

Case 5: X = F^™' with to > 0, 1 < i < j < n. Multiplying (|7.5p by x, we get 

n-l 

/l=l 

n-l 

-(-l)ll^i^V ® /„ - (-I)""'" 2 ^^.nf' ® A 

+( _ 1) IKII i r.(--i)^ >u ^/. j 

which is easily checked to equal e(F^jV, F^™' • v 1 ). 

Case 6: x — Fij with 1 < % < j < n. Multiplying (|7.5|) by x, we get 

■n-l 

F id e(v, v') = F itj v ®f n + ^2 E iJ E h,nV ® A - {-^) M E j>n v ® /; 

n-l 

-(-l^'H^V ® /„ - (-1)11^11 ^ F itj E hin v' ® A - ® /, 

n=l 

n-l 

= ^jf ® A + Xl E h,nFi,jV ® A + £j,n" ® /i - n D (8 /j 
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n-1 

ft=i 

-(-l^'H^y ® /» - £ 3> j)' ® /» = e^-ju, fij • w') + ® /» - Ej tn v' ® /< 

- "(-l)^"^ ® /, + (-l)ll"'% n i/ ® /i 

The sums in the square brackets equal zero by (I7.4[) and ||«|| + \\v'\\ = l. 

Finally, we prove that every element w G (M ® is in the image of e. We 

may assume that w is homogeneous, say, of parity e. We can write 



W 

h=l h=l 

where v n G M £ and v' h G M e+1 . For any i = 1, . . . , n — 1, we have 

n n 

= -E v „u; = Y E i,nVh ® fh~ Vt® fn + Y Ei > nV 'h ® fh-v'i® /„. 
ft=l ft=l 

Hence Wj = E^ n v n and = Ei^ n v' n . On the other hand, 

n n 

= 2^,10 = ^ ^.n^ ® A _ (- 1 ) £ ^ ® /» + X] ^n«fc ® /ft + (-1) £+1 ?4 ® fn- 
ft=l ft=l 

Hence = (— l) £ Ei jn v' n and = (— l) e E^ n v n . Combining these formulas with our 
previous formulas for vi and v^, we get 

j E itn v n = E^ n (-l) s v' n ; 
\ E itn V n = Ei tn (-l) s v' n . 

These formulas show that (v n , (— 1) £ «„) G cp(M) e . Finally, we now have 



e(v n , (-l) £ v' n ) = V n ® fn + Y E h,nV n <S) fh 

h=l 

n-1 

® /„ ^ (_i)ii»'n+= £ ShinU ; ® /„ 



ti — 1 n — 1 

= V n ® fn + Y E h,nV n ® /ft + ® /n + ^ ^k.W^n ® /ft = W, 
ft=l ft=l 

as desired. □ 

Lemma 7.3.4. Let A G X(n). Every U (n) -primitive vector of ' L(X)®V* has weight 
of the form A — Ej for some 1 < j < n. 

Proof. Apply Corollary 1 1.3. 71 and the universality of Verma modules. □ 

Define the jth level of cp(L(A)) to be 

c P (L(A)) j: = cp(Z(A))", 

where the sum is over all weights fi of the form \i = A — ja n -i — X)"=i 2 m i a i ( cr - 
the definition of the jth level of L(X) in Section l7?2|) . The following lemma is an 
analogue of |10| Proposition 5.4]. 
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Lemma 7.3.5. For any A € X(n), the restriction of e to cp(L(A))o © cp(L(A))i 
gives an even isomorphism ofU(n— l)-supermodules 

e' : cp(L(A)) © cp(L(A)) x -> (i(A) ® V*) y , 

which takes vectors of weight /i £ X(n) to vectors of weight fi — e n . In particular, 
e' establishes an isomorphism between the space of U(n — \)-primitive vectors of 
cp(L(A))o © cp(L(A))i and the space of V (n) -primitive vectors in L(X) ® V* . 

PROOF. We first check that the image of e' lies in (L(X) ® V*) Y . Take some 
homogeneous weight pair (v, v') £ cp(L(A))o © cp(L(A))i. As usual, \\v\\ + \\v'\\ =i 
if v and u' =^ 0. By the definition of the level of L(X) in Section 17.21 and 
Remark [7X21 we have v, v' £ L(X) © L(X) 1 . 

Take some E^ with z < n and m > 1. We have E^f n — E^f n = and 
E^E h>n v = E$E h>n v' = for any k > 0. This formulas and ([73]) imply 

E$>e{v, v>) = E™v ®f n + Y, E h,nv ® A 

n-1 

- (-l)ll»'ll£7&V ® /„ - (-l)l^'H £ £7 M „' ® = 

ft=i 

in view of m > 1 . 

Now consider Ef n . Multiplying (|7.5|) by „, we get 

n-1 

f^efo O = ® /„ + £ £„,„ V ® ElJ h 

h=l 

n-1 

-(-1)H"'II^ g f n _ (.ijllt-'H+elk'H £ ^ ^ 

= E? nW ®/„- (-1)^11^®/^ 

-(-l)H«'ll£«y g, /„ + (_i)ll-'ll+ e |l«'ll+^. ni; ' 8 

In the case £ = 0, the right hand side is trivially zero, so we consider the case e = 1. 
We have 

E? n e(v, v') = E iy „v ® /„ - £i,„?/ (g) /„ 

- (-l)"*«£i fB t> ® /„ + (-l)"*'"^,^' ® /„ 

which equals zero by (|7.4[) and ||u|| + ||z/|| = 1. 

It remains now to prove the surjectivity of e'. By Lemma 17.3.31 any vector 
w £ (M ® y*) y is of the form e(v, v') for (v, v') £ cp(L(A)). We may assume that 
w is a homogeneous weight vector of weight v. We shall prove by induction on v 
that (v, v') lies in cp(L(A)) © cp(L(A))i. 

If (v, v') is U(n — l)-primitive, then e(v, v') is a J7(n)-primitive vector in L(A)® 
V*, since we have already shown in Lemma 17.3.31 that it is Y- invariant. By 
Lemma r7.3.4i every (n)-primitive vector of L(X)<S)V* has weight of the form A — ej 
for some 1 < j < n. So v = X — ej. But then the weight of (v, v') is A — £j + e n , so 
(v,v r ) lies in cp(L(A))o fflcp(L(A))i, as required. Otherwise, if (v,v r ) £ cp(L(A)) 
is not U(n — l)-primitivc, then we can find 1 < i < j < n and k > such that 
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E ij(v,v') ^ 0. By LemmaEXSl we have e{E\ k > (v,v')) = E\ k >w G (M <E> V*) Y . 

Hence by induction e[^{v,v') lies in cp(L(A))o ©cp(L(A))i, so (v,v') does too by 
weights. □ 



7.4. Primitive vectors in L(X) (g> V* 

In view of Lemma T7.3.51 [/(n)-primitive vectors in L(X) <£> V* are closely con- 
nected with U(n — l)-primitivc pairs in cp(L(A))i. First, we prove the following 
simple result. 

Lemma 7.4.1. Let /i G X(n+l) and w G be a nonzero homogeneous vector 

such that U°(n)w is irreducible as a U° (n)-supermodule. Then U(n)w = L(/i|n..„)) 
as U(n)-supermodules. 

Proof. We just need to prove that U(n)w is irreducible. Suppose this is not 
true. By the universality of Verma modules fLemma ll.3.4j) . U(n)w is a quotient 
of M (/i | [ l n )). Hence U(n)w contains a nonzero J7(n)-primitive vector v of U(n)- 
weight v < /i|ri.. n ). Clearly, v has C/(n+l)-weight (y. ^ n +i) < M and is U(n+1)- 
primitive. This contradicts the irreducibility of L(p) by Proposition 1 1 . 3 .81 □ 

To deal with U(n — l)-primitive pairs in cp(L(A))i, we will consider a weight 
A = (Ai, . . . , A„, d) G X(n + 1), where d = (mod p). Note that if p > 0, then d 
can be chosen so that d ^ X n , in which case A G X+{n + 1) as long as A G X£(n). 
On the other hand, if p = then tf = 0, and so it could happen that A G" Xq (n + 1) 
even if A £ AQ^n). 

Lemma 7.4.2. Lef A G -X'(fi) cwirf i be a tensor X-normal index. Then L(X) <g) V* 
contains a nonzero primitive homogeneous vector of weight X — e, . 

Proof. If i = n and v G £(A) A , then v f n is primitive of weight A — e n . 
Now let i < n. By Lemma 17.3.51 it suffices to construct a nonzero ?7(n — 1)- 
primitive homogeneous pair in cp(L(A)) of weight A — a(i,n). Let j3 :— Res p A^. If 
rii<fe^n r /3(^)fe] = the required complement pair comes from Theorem 16. 1.31 So 
we may assume that [Oi<fcs£n r ^ (^)fc] 7^ - 

Note that [n^ fc<n+ i rp(X) k ] = [Ui^n r p( X )k] contains -<, and 

[lL<fc< n+ l r /3(A)/c] = [Ili<fc<„^( A )fe] 

Hence by Definition 15.2.31 we have that i is a A- normal index. By Theorem 16. 7. 1[ 
there is a nonzero J7(n)-primitive homogeneous vector u of weight A — a(i, n + 1) 
in L(X). Set v :— E n u and v' :— E n u. Because of its weight, the vector u is 
not U(n + l)-primitive, whence d ^ or n' ^ 0. If 1 < i < n and e G {o, 1} 
then Ef in v = [El n ,E n ]u = E^ +1 u and £?+V = = Hence 

E\ n v — El^v', which means that (v,v') is a complement pair for L(X). 

We claim that v,v' G U(n)w for any nonzero homogeneous vector u; G L(X) X . 
Indeed by the irreducibility of L(X) and the triangular decomposition of U (n+1), we 
have u = Fw for some F G U^°{n + l)-«(«>+i). Hence £„.F = if and E n F = K' 
(mod 1+) for some X, if ' G U^°(n + 1)- Q ( J >") = U-(n)- a ^U°(n + 1). Hence 

v = E n Fw = K'w and v' = E n Fw = Kw. However ( I!^ 1 ) and H n +i act as zero 
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on w £ L(A) A by Proposition Oj^ii). So we can rewrite w = L'w and u = Lw for 
some € U~ {n)- a( - l ^U°(n) = U^ Q {n)- a ^ n \ 

Since A n +i = 0, we get that U°(n)w — U°(n+l)w = u(A) is irreducible as a 
/7°(n)-supermodule. Hence by Lemma T7.4.H we get U(n)w = L(X). Thus we have 
actually proved that (v, v') £ cp(L(A))i. Finally, for all 1 < j < n — 1 we have 

E$e(y, v 1 ) = e{E s jV , E] • v') = e(E$v, {-l) s E s jV ') = e(0, 0) = 0. 

Therefore (v,v') is U(n— l)-primitive. □ 

Now we are going to prove a theorem similar to Theorem 17.1.21 

Theorem 7.4.3. Let A £ X(n) and 1 s$ i < n. If 'there exists F £ U^{n)- a ^ 1 ^ 
such that FL(X) X = 0, cii tn (F) is odd, cf i, n {F) is even and 

ev x (cf i>n (F) 2 -d i , n {F) 2 ') ef, 

then there is no nonzero U(n— 1) -primitive pair in cp(L(A)) of weight A — a(i,n). 

Proof. Suppose on the contrary that such a pair exists. Then the vector 
space W of all U(n— l)-primitive pairs in cp(L(A)) A ~ Q( - l '"- ) is nonzero. In fact, W 
is a U°(n — l)-subsupermodulc of cp(L(A)). Let Wq be an irreducible U°(n— 1)- 
subsupermodule of W. By Proposition 11.3.21 we have W = u(/i), where fi := 
(Ai, . . . , Aj_i, Aj— 1, Aj+i, . . . , A n _i). By the universality of Verma modules, there 
is a non-zero homogeneous U(n— l)-homomorphism 9 : M(fx) — > cp(L(A)). 

Consider the projections pr : cp(L(A)) — > L(A) and pr' : cp(X(A)) — > IIL(A) 
to the first and the second components, respectively. These maps are degree o 
homomorphisms of U(n — l)-supermodules. We set ip := pro# and ip' := pr' o 9. 
Thus ip : M(/i) -> L(X) and ip' : M(/x) -» ILL(A) are homogeneous [/(n - 1)- 
homomorphisms of the same parity such that 

(7.6) E? n 1>(v) = ^+V(«) (e e {o, i}, w e M(iS)). 

Let T(/x) = (Af(/i) AI )*. So T(/x) is the superspace of all linear functions / : 
M{pY -> ¥ with natural grading T(/i) = {/ e T(/i) | f{M{fi)t) = 0}, T(/x) 1 = 
{/ G ^(/i) | f{M{p)%) = 0}. We make T(/i) into a J7^°(n - l)-supermodule by the 
following rules: any element x £ U~°(n — 1) of strictly negative weight acts as zero 
on T(n); (xf)(v) = /(r n _i(x)u) for any x £ U°(n - 1) and v £ Af 

Consider the map p : M(p,) T "- 1 — > T(/i) which sends a linear map / : M(fi) — > ¥ 
to its restriction f\M{^y ■ We claim that p is an even homomorphism of U-°(n— 1)- 
supermodules. Indeed, take an arbitrary u £ M(pY . If a; 6 U-(n — 1) has weight 
< 0, thenr„_i(x) has weight > 0, so p(xf)(v) = (xf)(v) = f(r n -i(x)v) = /(0) = 0. 
On the other hand, xp(f) = by definition. Now let x £ U°(n — 1). Then we have 
p(xf)(v) — (xf)(v) — f(T n -i(x)v). On the other hand, by the definition of the 
action of U^°(n-1) on T(/i), we have (xp(f))(v) = p{f)(T n -i(x)v) = /(r„_i(x)«), 
since r„_i(a;)w € M(p)^. 

Now, we set ip :— p o ip 1 '™- 1 and :— p o (^') r "- 1 . Then </? is a U-°(n — 1)- 
homomorphism from L(X) Tn to T(/z) and 95' is a U-°(n — 1) -homomorphism from 
(ILL(A)) T " to T(/x). Note that and are homogeneous of the same parity equal 
to that of 9. 

We claim that <p 7^ or ip' 7^ 0. Indeed, we have ip 7^ or ip' 7^ since 
ff^ 0. Suppose for definiteness that ip 7^ 0, the argument for ?/;' being similar. 
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Then ^ 0. The image of this homogeneous homomorphism of U(n — 1)- 

supermodules is a U(n — l)-subsupermodule of M(fi) Tn - 1 . But Af^/i) 7 ™- 1 has 
a unique minimal subsupermodule, which is generated by (M(/i) Tn ^ 1 ) tJ/ . Hence 
(M(^) T "- 1 )^ 1 C imV' T ™- 1 - Take a nonzero / G (M^) 7 "™- 1 )'*. We can write / = 
V—^g) for some 3 e L(X) Tn . Since f(M(jly) ^ 0, we have v?(ff) - /»(/) 7^ 0. 
Since L(A) T " L{\) and (ELL(A)) T ™ ELL (A), we get 

F(L(A) T ") A = F((ILL(A)) T ") A = 0. 

For the last equality, note that FL(X) X = implies F • L(X) X = by considering 
homogeneous components. Take an arbitrary linear function / : L(X) — > F such 
that /(-L(A) 7 ) = for any 7 < A. We can consider / as an element of both L(A) T " 
and (LTX(A)) T ™. Note that / has weight A in either of these supermodules. Arguing 
as in Theorem 17. 1.21 we get 

(7-7) = <p(Ff) = <p(F hn af + F i>n bf), 

(7.8) = (fi'(Ff) = <p'(F t , n af + F hn bf), 

where a := cfj n (F) and b := cfj,„(F). Recall that a is odd and b is even. This and 
a, b 6 U (n) imply that a and b commute. 

Now let v e M{nY. By ([777]) and ([T"6j) . we get 

= y{F i}7l af + F itn bf)(v) = V-- 1 (F,»a/ + F i>n bf)(v) 

= {F iin af + F itn bf)(ip(v)) = f(T n (F hn a)i){v) + T n (F hn b)i>(v)) 

= f(T n (a)Ei^(v) + Tn {b)E i>n ^{v))= f{T n {a)Ei^\v) + T n (b)E itTl i/j' (v)) 

= f((T n (a)E hn ) • V» + {T n (b)E hn ) • ^ (v)) 

= f{r n {F i<n a) • i//(v) + T n (F i<n b) • V») = (F, n of + F wn bf)(^'(v)) 

= (iP') T "- l (F itn af + F i>n bf)(v) = <f/(F iin af + F iin bf)(v), 

where we have used the assumptions ||a|| = 1 and ||6|| = 0. Therefore we have 

(7.9) ip'{Fi, n bf + Fi, n af) =0. 
Similarly, by and ([To) , we get 

= <p'(F i>n af + F it „bf)(v) = (iP') T - l {F, n af + F hn bf)(v) 
= {Fi, n af + F^ n bf)[i)'{v)) = /(T B (F i)B o) • 4>'(v) + T n (F hn b) • ^(v)) 
= f((T n (a)E i>n ) . tl/{v) + (r n (b)E hn ) . t(/(vj) 
= f(-Tn(a)E i>n il>'(v) - T n (b)Ei, n Tp'(v)) 
= f(-T n (a)E t , n ^(v) - T n (b)E itn ip(v)) 
= f(-T n (Fi, n a)iP(v) - r n {F %n b)ij(v)) = (-Fi.no/ - Fi, n bf)(^(v)) 
= ^-i(-F itn af - Fi, n bf)(v) = y{-F itn af - F. hn bf)(v). 

Hence, we have 

(7.10) y{Fi, n bf + Fi, n af) = 0. 

We apply the substitution / h-> af in (|7.7[) and the substitution / >-» bf in (|7.10[) . 
subtract the latter from the former, note that a and b commute, and use the as- 
sumption ev\(a 2 - t 2 ) e F x to get 

= <p{F %n (a 2 - b 2 )f) = ev A (a 2 - b 2 ) V {F %n f). 
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Hence ip(Fi. n f) — 0. Now apply the substitution / >->• 6/ in (|7.7[) and the substitu- 
tion / i— » a/ in (|7.10|) . subtract the latter from the former to get 

= <p{F l;n b 2 f - F hn a 2 f) = - ev A (a 2 - b 2 )^{F^ n f). 

Hence ip(Fi, n f) = and, arguing as in Theorem 17. 1.21 we prove that <p = 0. The 
equality <p' = is proved similarly, using (|7.8j) and (|7.9|) . We get a contradiction. □ 

Theorem 7.4.4. Le£ A,/i G X(n). TTien £(A) ® T^* contains a nonzero primitive 
vector of weight fi if and only if fj, = X — E{ for some tensor X-normal index i. 

Proof. Suppose that i € {1, ... ,n} is not tensor A-normal. By Lemmas 17.3.41 
and 17.4.21 it suffices prove that there is no primitive vector of weight A — £$ in 
L(X) (g) V*. Assume for a contradiction that such vector exists. We have i < n, as 
n is always tensor A-normal. 

By Lemma 17.3.51 there exists a nonzero U(n — l)-primitive pair of weight A — 
a{i,n) in cp(L(A))o © cp(L(A))i. In particular, there exists a nonzero U(n — 1)- 
primitive vector of weight A — a(i, n) in L(X). So by Theorem 17. 1.41 the index i is 
A-normal. Set (3 := Res p A^. We need to establish the following 

Claim. There exists a flow T on [i..n] coherent with r/3(X)\u.. n ] having no buds 
on [i..n] and one of the following happens: 

(a) [3^0, Res p (A„ + l) =# 

(b) /3 = 0, A„ = -1 (mod p). 

To prove the claim, we first suppose that j3 ^ 0. Then [J^J <<fc< r / g(A)fe]= — s , 
as i is A-normal. If s > then [Ili<fc<n r ^(^)fc] does not contain + regardless 
of the value of A„ . In this case, i is tensor A-normal contrary to the assumption. 
Hence s = 0. If rp(X) n is distinct from +, then [Ili<fe^n r ^(^)fc] does not contain 
+ and we have a contradiction again. Hence rp(X) n = +, whence Res p (A„ + 1) = /3 
by Proposition l5.2.1|[2)| Since 

[n^^„^(A)fe]= [-[Ui <k <n r pWk]+]= [-+} = 0: 

Lemma 15.1.71 implies that there exists a flow T on [i..n] (fully) coherent with 
r^(A)|[i „] and having no buds on [i..n]. 

Now suppose that [3 = 0. There are two cases: ro(A)j = — and ro(A), = + — . 

Suppose first that r*o(A)j = . Then we have [IIi<fc<n r o(X)k] = + r — s with r < 1, 

as i is A-normal. If s ^ 2 then [Ili<fc<n r o(A)/t] contains at most one + regardless 
of X n . In this case, i is tensor A-normal contrary to the assumption. Hence s $J 1. 
Corollary 15 . 1 .41 shows that only the following two cases are possible: r = s = and 
r = s = 1. In the former case, the reduction [rii<fc<jra r o(A)fc] = ro(A)„ must be 
H — h, since i is not tensor A-normal. Hence A„ = — 1 (mod p). In the former case, 
the reduction 

[rW„ro(A) fe ]= [+-r (A)„] 
must contain at least two signs +, which is possible only if ro(A)„ = H — K Hence 
again A„ = —1 (mod p). In both cases, we have [ni<fc<n r o(X)k] — £>■ Now, by 
Lemma 15.1.91 there exists a flow T on [i..n] (fully) coherent with ro(A)L. n i and 
having no buds on [i..n]. 

If r (X)i = +— then [rii<fc<n r o(X)k] = — s , as i is A-normal. If s > then 
also s ^ 2 by Corollary 15.1.41 In that case, [rii<fe<n r o(^)fe] does not contain 
+ regardless of A„. Hence i is tensor A-normal contrary to the assumption. So 
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IL<fc<n r o(A)fc] = 0. Definition 15.2.31 implies that r (A)„ 7^ H — . The cases 

^o(A) Tl = and ro(A)„ = are also impossible, since then [rii<fc<n r °(A)fc] 

does not contain the sign +, which makes i a tensor A- normal index. Thus we 
conclude that ro(A)„ = ++, i.e. A n = —1 (mod p). By Lemma \5. 1.91 there exists 
a flow r' on (i..n) (fully) coherent with ro(X)\u M -\ having no buds on (i..n). It 
suffices to set r := V U {(i, n)}, to complete the proof of the claim. 

Let S be the set of all sources of edges of T and set M :— [i..n] \ S. Note 
that i £ S, as rp(\)i contains — and T has no buds. On the other hand, n ^ S 
as r is a flow. Thus we see that M C (i..n] and n £ M. We define the injection 
ip : S — > [i..n] as follows. If ,s G S then we set ip( s ) equal to the unique index such 
that (s, ip(s)) G T. Now we apply Lemma lS.1.2l to conclude that for any vl^ € L(X) X , 
we have Si^ n (M) — 0. 

By Lemma 12.6.21 we have 

tf<,„($,«(M)) = -(Si- H n ) UteM\{n} C(i,t), 
cf i>n (S i<n (M)) = (Hi - H n )U teM \ {n} C(i,t). 

We have 

cv a ( TT C(M))=TT (/3-Res p At). 

The right-hand side is a nonzero element of F, since T has no buds on [i..n), see 
Proposition 15 . 2 . ]||T ) | We denote this non-zero element by c. Then we have 

ev A (ci hn (S hn (M)) 2 - Tl hn {S %n {M)) 2 ) = c 2 ev A (( J ff, - H n f - {Hi - ff„) 2 ) 

= c 2 (\i + X n — A 2 + 2A^A„ — A 2 ) • If 

= c 2 (- Resp Xi ~ Res p (A„ + 1) + 2A„ + 2A l A n ) • 1 F 

= c 2 (-2/3 + 2A„ + 2A,A„) • 1 F = -2c 2 (^ - A„(A, + 1)) • 1 F . 

Suppose temporarily that this coefficient equals zero. Then f3 = \ n (\i + 1) • 1 F - 
Since we also have /3 = A„(A„ + 1) • 1 F , we obtain A n A,; = A 2 (mod p). Recall that 
in both cases (a) and |(b)[ we have A„ ^ (mod p). Thus we have proved A^ = A„ 
(mod p). Now we have simultaneously Res p A„ = (3 and Res p (A„ + 1) = f3. As 
p 7^ 2, we get A„ = (mod p), a contradiction. 

Now we can apply Theorem 17.4. 31 to conclude that there is no nonzero U(n — 1)- 
primitive pair in cp(L(A)) of weight A — a(i,n), which is a contradiction. □ 

7.5. Primitive vectors in L(X) <E> V 

In order to translate from L(X) (g) V* to L(X) <Ei V, we recall the automorphism 
cr of U{n) from (fTTg]) . 

Corollary 7.5.1. Let A,/i € X(n). Then the U(n)-supermodule L(X)*g)V contains 
a nonzero primitive vector of weight fi if and only if fx = X + Ej for some tensor 
X-conormal index j . 

Proof. By the universality of Verma modules, L(X) <g) V contains a nonzero 
primitive vector of weight fi if and only if 

Hom a(n) (M( M ),£(A)®F)^0. 

Twisting with the automorphism a and applying Lemma [1.3.101 this is equivalent to 

Hom u{n) {M(-w fi),L(-w X) <g> V*) ^ 0. 
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Again by the universality of Verma modules, the last statement is in turn equivalent 
to the existence of a non-zero t/(n)-primitive vector of weight — u>o/i in L(—woX) <8> 
V* . By Theorem 17.4.41 this is equivalent to —wofi — ~wqX — s\ for some tensor 
— woA-normal index i. The last equality is equivalent to fj, = A + e Wo i- Now apply 
Corollary [533] □ 

Remark 7.5.2. We point out that if we stay in the category of integrable finite di- 
mensional [/(n)-modules then it is possible to use usual dualities and avoid twisting 
with a. Indeed, let A, /i £ X+(n). It suffices to note that 

Kom u(n) (V(n),L(\) ® V) ~ Rom u(n) ((L(X) ® ^)) r ,y( M ) T ) 

SHom t;(n) (L(A)®V J fl (At)) 

= Hom[/(n)(£(A), £f°(/i) ® V*) 

SHom a(n) (( J ff°(M)®F*)*, J L(A)*) 

= Hom [/( „ ) (ff°( /1 ) 4 ® V,L(-t«oA)) 

= Homt/(„) i«om) ® V, L(-w X)) 

^ Hom [/(n) (VC-iuoM)) L(-w \) ® V*). 

Similar arguments do not work for infinite dimensional modules, as for example 
i(A)* is not even a highest weight module in general. 

Theorem 7.5.3. Let A,/t£ X(n). Then: 

(i) Hom(/( n ) (L(fi), L(X) ® V*) ^0 if and on?j/ if (i = X — et for some X-good 
index i. 

(ii) Hom[/( n )(L(/x),L(A)® V) 7^ if and only if fi = A + e.; for some X-cogood 
index i. 

Proof. Note using contravariant duals that 

Hom [/(n) (L( M ),L(A) ® F) = Hom u(n) ® V*,L(A)) 

= Hom c/(n) (L(A),L(M) ® F*). 

So, taking into account Corollary 15.3.81 it suffices to prove (i). 

Assume that Hom.(7( n )(L(/i),L(A)<8> V*) 7^ 0. Since L(/i) is a quotient of M(/x), 
we also have 

Hom a(n) (MGu),L(A)®F*) ^ 0. 

Hence /i = A — e% for some index i which is tensor A-normal by Theorem 17.4.41 
Moreover, since L(X) is a submodule of M(A) r , we also have 

Hom c/(n) (L( At ),M(A) T ® V*) ^0. 

But 

Hom c/(n) (i( M ), M(A) T ® 7*) <* Ho mc/(n) ((M(A) r ® F*) T , L^) 

^Ho m[/(n) (M(A)®F*,L(/i)) 
SHomt/( B )(M(A),L(/i)(»V). 

Hence by Corollarv l7.5.1l the index i is conormal for /1 = A — We have proved 
that n = X — Ei for a tensor A-good index i. 
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Conversely, suppose that i is tensor normal for A and tensor conormal for A — e, . 
Since i is tensor normal, Theorem 17.4.41 yields a non-zero homomorphism 

6 G Hom(A/(A - ei),L(X) ® V*). 

We claim that factors through the quotient L(A — £$) of M(A — £$). Indeed, 
otherwise, there is a composition factor of M(A — e<) with i/ 7^ A — £j such 
that 

Hom(X(z/),L(A)®F*) ^0. 
By the forward direction in (i) which we have already proved, it follows that v = 
A — £fc for a tensor A-good index k. Since v < A — £j in the dominance order, it 
follows that fc < i Moreover, £(2/) = L(X — Ei — (ek — si)) can only be a composition 
factor of M(A — £i) if Res p A^ = Res p A&, see the Linkage Principle of [1 GL Section 8]. 
We have now got a contradiction with Lemma 15.3.71 □ 



CHAPTER 8 



Main results on projective representations of 
symmetric groups 

8.1. Representations of Sergeev supealgebras 

Here we freely use notions defined in the Introduction and Chapter [1] above. In 
particular, y n is the Sergeev superalgebra and G — Q{n) is the algebraic supergroup 
of type Q(n). We now review in more detail the theory developed in [131 116] . which 
will allow us to apply the results on Q(n) obtained above to get new results about 
y n and eventually projective representations of symmetric and alternating groups. 

The category Vol{n) of finite dimensional polynomial supermodules over the 
supergroup G is defined in [131 Section 10]. This category splits as 

Tol(n) = Q)Vol(n,d), 

d>0 

where Vol(n,d) C Vol(n) is the full subcategory of polynomial supermodules of 
degree d. The category Vol(n,d) is equivalent to the category S(n, d) — smod of 
finite dimensional supermodules over the Schur superalgebra S(n, d) introduced in 
[13) (denoted Q(n,d) there). 
Let 

A+(n) ={A = (Ai,...,A„) eX+(n) | Ai, . . . , A„ > 0}, 

and 

A+(n,d) = {A = (Ai,...,A n ) G A+(n) | A x + • • • + A n = d}. 
If A G A+(n), then L(\),V{\) G Vol(n,d), and 

{L(X) | A G A+(n,d)} 

is a complete and irredundant set of irreducible supermodules in Vol(n, d) (equiv- 
alently, irreducible S(n, (i)-supermodules) up to isomorphism. 
Recall the jth level L(X)j introduced in the previous section. 

Lemma 8.1.1. Let n > 2, A G A^ (n, d) for d < n, and j G Z>o- Then, as a 
Q(n — \)-module, L(X)j G Vol(n — 1, d — j). 

Proof. Since L(X) is a polynomial Q(n)-module, we have that each L(X)j is 
a polynomial Q(n — l)-module. Moreover, it follows from the assumption d < n 
that if 

n-2 

/! = (/ii, . . . , fin) = X - jct n -i - miOLi 

1=1 

for some mj's, then fi n — j, and hence fi\ + • • • + fi n -\ = d — j. So L(X)j must be 
polynomial of degree d — j. □ 
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Let d < n. Then the Schur superalgebra S(n, d) has an idempotent e n ,d (de- 
noted £ w in |13j ) with the property e n ,dS(n, d)e n ,d — yd- In fact, the isomorphism 
can be made explicit, see 1 131 Theorem 6.2(h)]. This allows us to define the "Schur 
functor" 

F n ^d ■ S(n, cQ-smod -> 3^-smod, V H> e n ,d,V. 
Moreover, consider the special weight 

u n ,d := ei H h e d e X(n). 

Then, in fact, e n ^V is the w„ !( r weight space V Un d on which y d acts via the isomor- 
phism of [131 Theorem 6.2(h)]. The special case d — n will be especially important 
for us. We use the notation e„ := e n:Tll F n := J 7 n>n ,u: n '■= u n n . 

Let A € A+(n, n). By Lemma 18.1.11 the first level L(X)i is in the category 
S(n— 1, n— 1) — smod, so we can apply the Schur functor T n —\ to it. The following 
proposition shows that the resulting J^i-i-supermodule is simply the restriction of 
F n (L(X)) from y n to y n ~i- This is the main reason why the structure of the first 
level £(A)i as a U(n — l)-supermodule is so important for us. 

Proposition 8.1.2. Let n > 2, A e A+(n, n). Then 

Fn-l(L(X)l) = J 7 n (L(X))y ri _ 1 . 

PROOF. Note that, as vector superspaces, 

F n -i(L(X)i) = (L(X)i) UJri _ 1 = L(X)„ n = T n (L(X)) 

and use the explicit formulas for the actions of y n -i and y n coming from the 
isomorphism of [131 Theorem 6.2(h)]. □ 

While Proposition 18.1.21 connects the restriction res^ _ to the first level via 
Schur functors, the following result establishes a similar connection between the 
induction ind^" to tensoring with the natural module V, cf. [9j Theorem 4.13]. 

Proposition 8.1.3. Let M € Vol(n,n — 1). Then 

F n {M ®V)^ ind^ {F n>n - X {M)). 

Proof. We have 

n n 

(8.1) F n (M ® V) = (M ® V) Un = 0(M Wn _ S4 ® Vi ) ® 0(M Wn _ £i ® €i), 

i=l i=l 

where . . . , « n , «i, . . . , w n } is the natural basis of V. So 

Note that u> n — e n = <jj n ,n—x an d so M Un _ £ri <S> v n is the submodule of the 
restriction res-y_ T n {M ® V) isomorphic to F n . n -\(M). Now the Frobenius reci- 
procity allows us to extend this embedding of J r nj „_i(M) into .F n (M ® V) to a 
homomorphism (p : indj£ (j r „,„_i(Af)) — > J" n (M® V). 

Moreover, the weights uj n — ei and w„ — s n are conjugate under the action of the 
symmetric group (the Weyl group of the even part Q(n) ev ), and so dimM Un — Si = 
A\mM Un ^ en . Hence, by (I8.1[) . we have 

dimJ r n (M®V)= 2ndimM Un - en = 2ndimJ r „, n _ 1 (M)= dimind^ ^ (j" n , n _i(M)). 

So it suffices to prove that <p is surjective. Let e £ {o, i}, (i,n) € 5 n be the 
transposition of i and n, and c n be the nth generator of the Clifford algebra C n 
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as in the introduction. Then the explicit identification of y n with e n S(n,n)e n 
obtained in [131 Theorem 6.2(h)] implies that 

(i, n)c e n (M Un _ £n <8> v n ) = M Uft - 6i ® vf. 

This yields the surjectivity of (p. □ 

Now, denote 

D(X) := T n (L(X)), S(X) := JW(F(A)) (A G A+(n, n)). 

The set of weights A+(n, n) can and tw'ZZ be identified with the set V p {n) of p-strict 
partitions of d. A p-strict weight A G Aj(n, n) is restricted if A is a restricted 
p-strict partition, i.e. A € TZV p (n). An irreducible 5(n, n)-supermodule L(A) is 
restricted if A is restricted. Finally, an S(n, n)-supermodule is restricted if all its 
composition factors are restricted. 

Theorem 8.1.4. We have: 

(i) {A e P p (n) | D(X) ^ 0} = ftP p (n); 

(ii) {D(X) | A G IZVp(n)} is a complete and irredundant set of irreducible 
y n -supermodules up to isomorphism; 

(hi) if X € IZVp(n) then D(X) is the simple head of the Specht module S(X); 
(iv) ifV, W G S(n, n)— smod are supermodules such that V has restricted head 
and W has restricted socle, then 

nom S („,n)(V, W) Si Romy n (T n (V),T n (W)). 

PROOF, (i) is [131 Theorem 9.5], and (ii) is [Ml Theorem 10.2]. On the other 
hand, (iv) is a standard property of Schur functors, see for example [9j Lemma 
2.17(h)]. Finally, (hi) follows from (iv) and the fact that L(X) is the simple head of 
V(X). ' □ 

Proposition 8.1.5. If X G lZV p (n), [i G VSP p (n—\), then the socles of the U(n—1)- 
module L(X)i and the U{n)-module L(fi) ® V are restricted. 

Proof. Let v G V p (n — 1) and k G V p {n) be such that 

Hom [/( „_ 1) (L(^),L(A)i) ^ and Rom u{n) (L(K) 7 L(fi) <g> V) ^ 0. 

We need to prove that v G TZV p (n — 1) and k G TZP p (n). By Theorem 17.2.31 v 
is obtained from A by removing a good node, as defined in the Introduction. Now 
it is an easy combinatorial check to see that v G lZV p (n — 1). This also follows 
from [301 Theorem 22.1.2]. Similarly we check that n, which is obtained from /i by 
adding a tensor good node is restricted. □ 

Remark 8.1.6. There is a general conceptual argument which shows that if A is 
restricted, then the socle of any level L(X)j is restricted. For GL(n — 1) c GL{n) 
and some other natural embeddings this was first proved in [241 Theorem B] . The 
proof given in 24] goes through for Q(n — 1) C Q(n) using theory developed in 
[161 Section 9]. We will not need this here. Similarly, one can see that the socle 
of L{fi) <g> V is restricted because it is a submodulc of V"* 8 ™, which has a restricted 
socle in view of [131 Theorem 6.2(i)]. 

Corollary 8.1.7. Let X G KV p (n) and fj, G KV p (n - 1). Then 

(i) Romy n _ 1 (D( t i),D(X)y n _ 1 )^Rom u{n ^ 1) (L(fi),L(X) 1 ). 

(ii) Hom 3 , n _ 1 (S(/i),D(A)y B _ 1 ) = Hom t /( n _ 1 )(V(/j), L(A)i). 
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(iii) Homy B (U(A),ind^_ l D(p)) = Hom t/(n) (L(A), L(p) ® V). 

(iv) Horny, (5(A),ind^_ 1 £>(/*)) = Rom u{n) (V(X), L(^) ® V). 

PROOF. Apply Theorem [5X1 and Propositions [5X51 [5X2 [5X3 □ 

We now claim that the definitions of good, cogood, normal, and conormal nodes 
of p-strict partitions given in the Introduction match those of good, cogood, normal, 
and conormal indices used in the main body of this paper. 

To be more precise, recall first that the set of all possible contents is I := 
{0,1,..., £} C Z, where I = (p - l)/2. As the content of the node A = (r,s) 
depends only on the column s, we can speak of the content of s € Z>o, denoted 
contpS, so that cont p (r, s) — cont p s. Recall also that for any s £ Z we have by 
definition that Res p s — s(s — 1) (mod p). It is pointed out in [16[ (8.8)] that for 
any s € Z there exists a unique i 6 I such that 

s(s — 1) = i 2 + i (mod p), 

i.e. for any r, s € Z we have that Res p r = Res p s if and only if cont p r = cont p s. 
For a residue j3 of the form j3 — s(s — 1) (mod p) for s € Z, we denote by z(/3) the 
unique i € / with /3 = i' 2 + i (mod p) . Thus 

P = i{/3) 2 + i{P) (modp). 

Conversely, for i £ I we denote by P(i) the residue 

P(i) := i 2 + i (mod p). 

Now, let A G TZV p (n) be a p-strict partition of n considered also as a weight in 
X£(n). The case n = 1 is boring, so let us assume that n > 1. Then we always 
have A„ = 0. Moreover, comparing the definitions, we see that A is a /3-removable 
node for A in the sense of Section [5T^1 if and only if either A is an i(/3)-removable 
node for A in the sense of the Introduction or A — (n, 0). Similarly, A is a /3-addable 
node for A in the sense of Section [5721 if and only if A is an i(/3)-addable node for A 
in the sense of the Introduction. So, the reduced «-signature of A in the sense of the 
Introduction is obtained from the the reduced /3(i)-signature a of A in the sense of 
Section [5.2l bv removing one — n from the end of a. It follows from Lemma l5.4.1l and 
Corollary |5.2.9l that an i-removable node A — (r, s) is i-normal for A in the sense of 
the Introduction if and only if Res^ s — P(i) and r is a A-normal index in the sense 
of Section 15.21 The similar statement holds for good nodes. Also, an i-addable 
node A = (r, s) is i-normal (resp. i-cogood) for A in the sense of the Introduction 
if and only if Res p s = P(i) and r is a tensor A-conormal (resp. A-cogood) index in 
the sense of Section 15.31 

Now, Corollary 18.1.71 and Theorem 17.2.31 imply Theorem A from the Introduc- 
tion. 

To deduce Theorem B, recall the Jucys-Murphy elements 

L\, . . . , L n g y n 

from [301 (13.22)]. The eigenvalues of the elements L\ on finite dimensional y n - 
supermodules are all of the form P(i) = i 2 + i (considered as an element of F) for 
i G I. It is known that the Jucys-Murphy elements commute and so we can de- 
compose an arbitrary finite dimensional y n -supermodule V into the corresponding 
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simultaneous generalized eigenspaces: 



iei" 

where for i = (ij, . . . , i n ) £ I n , we define: 

Vi = {v£V\ {L\ - p(i k )) N = for N > 0, k = 1, . . . 



n}. 



Denote by T n the set of all tuples 7 = (7i)ig/ with 7$ € Z>o and 7« = n - 

For any 7 = £ T n , denote by I 1 the subset of I n , which consists of all 

i = (ii, . . . , i n ) £ I n such that for each i £ I there are exactly 7; entries among 
i±, . . . ,i n which are equal to i. Note that 



7er„ 

is just the decomposition of 7" into the orbits of the natural action of S n on I n by 
place permutations. 

Now, given a finite dimensional J^n-supermodule V and 7 £ T„, let 



It is known that the symmetric polynomials in L\, . . . , L\ are central in y n , see 
[301 Remark 15.4.7, Theorem 14.3.1]. It follows that V[j] is a subsupermodule of 
V, and we have the decomposition of J^i-supermodules 



It is known that the (non-zero) V["f] are precisely the superblock components of V, 
but we will not need this fact. 

Given a partition A £ V p (n), define 7(A) to be the tuple {~fi)i£i £ T n , where 
7j is the number of i-nodes of A, cf. |30l (22.1)]. The following result follows 
immediately from the definition of the supermodules G(A): 

Lemma 8.1.8. Let A £ TZV p (n) and 7 = 7(A). Then G(X)[j] = G(A). 

With the goal of identifying D(X) and G(A) in mind, we want to prove a similar 
result for D(X). For this we need the following: 

Lemma 8.1.9. Theorem B holds in charecteristic zero. 

Proof. We note that both approaches to representation theory of Sergeev 
superalgebras y n , described in the Introduction, work the case where p = char F = 
0. In this case we interpret I as {0,1,2,...}, and lZVo(n) = Vo(n) as strict 
partitions of n, i.e. partitions with distinct parts. The Schur functor approach 
in this case has been developed originally by Sergeev [38] . It leads to the y n - 
supermodules D(X) parametrized by A € Vo{n). On the other hand, [341 Theorem 
7.2] (see also |39[ Section 2.6]) describes the spectrum of the squares of Jucys- 
Murphy elements on D(X). This description implies that D(A)[7(A)] = -D(A), and 
so -D(A) = G(A), since in the case p = all columns have distinct contents, and 
therefore 7(A) determines A uniquely. □ 




vb] ■= Vi. 



v= V[j\. 



7er. 



Lemma 8.1.10. If X £ TlV v {n) and 7 = 7(A), then D(X)[-y] = D(X). 
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PROOF. In this proof it will be important to distinguish between characteristic 
and characteristic p, so we will use the corresponding indices in our notation, for 
example I vs. I p , vs. T°, 70(A) vs. 7 P (A), etc. 

For fi £ Vq {n) , denote by Dq (/j,) the irreducible module corresponding to /i over 
a field of characteristic zero, and denote by Dq(p) its reduction modulo p, see |131 
p. 65]. As Do(fi) = Go (a*) by Lemma IS. 1.9[ it follows that D (m)[7o(m)] — D (fJ,) 7 
where 70 (ju) € Let 70 (/it) denote the element of obtained from 70 (/i) as 
follows. If 7o(/u) = (7i')ie/ . tlien 7o(m) = (7»)»e/ P ) where 

7* := X) 7 J (* e ^ 

0'eJ"o l« 2 +i=J 2 +i (mod p)} 

When we reduce a representation modulo p, the eigenvalues of the squares of 
Jucys-Murphy elements will get reduced modulo p, and so £> (n) = 5o(m)l7o (/")]• 
Hence D[7o(/i)] = £> for any composition factor D of Do(fi). Now, -D(A) must 
appear as a composition factor of some reduction D(/i), in which case, by |131 
Thorem 10.8] and [5J Theorems 4.3, 6.3], we have 7 P (A) = 70 (a*)- Therefore 
D(A)[7 P (A)] = D(X), as required. □ 

Corollary 8.1.11. Let X,fJ,£ KV p (n). Then D(X) = G(/x) implies 7(A) = 7O). 

PROOF. Combine Lemmas 15.1.81 and 18.1.101 □ 

Now, we complete the proof of Theorem B. We apply induction on n. The base 
of induction is clear, as y± has only one irreducible supermodule up to isomorphism. 
For the inductive step, assume that n > 1 and Theorem B is true for n — 1. Let 
A £ lZV p (n), and fi be obtained from A be removing an i-good node of A. By the 
inductive assumption we have D(/i) = G(fi). We need to prove that G(A) = D(X). 
Let G(A) = D{v) for some v £ KV p (n). Using the notation of [30, (17.6) and 
Theorem 22.2.2], we see that G{n) is in the socle of res^ G(A). So D(n) is in the 
socle of ReSi-D(zz), which by Theorem A implies that /1 is obtained from v by 
removing a good node A. By Corolarv I8.1.11| 7(1/) = 7(A), and so A must have 
content i. Thus /i is obtained from A by removing an i-good node, and /x is also 
obtained from v by removing an i-good node. This implies that A = v, either by 
an easy combinatorial exercise or by [301 Corollary 17.2.3]. The proof of Theorem 
B is complete. 

8.2. Projective representations of symmetric groups 

Finally, we use the categorical superequi valence from |30| Section 13.2] to trans- 
late from y n to T n - Recall from the introduction that y n =T n ®C n . The Clifford 
superalgebra C n is simple as a superalgebra, so it has only one irreducible super- 
module denoted by U n , see [30, Example 12.2.14]. The supermodule U n is of type 
M if n is even and of type Q if n is odd. 

We have functors 

? Kl U n = 3„ : 7^-smod -> y„-smod 

and 

Hom Cn ([/„, ?) = <S n : y„-smod -» 7"„-smod. 

Main properties of these functors are described in I30[ Proposition 13.2.2]. In 
particular, $ n and ©„ are exact, left and right adjoint to each other, and behave 
nicely with respect to restriction and induction. 
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If n is even, then 3n and © n are quasi-inverse equivalences of categories which 
induce a type-preserving bijection between the set of isomorphism classes of T n - 
supermodules and the set of isomorphism classes of J^n-supermodules. In this case 
we define 

5 A := <3„(5(A)), £>" := «„(£>(/*)) (A € V p {n), fx G ftP^n)). 

If n is odd, we have in the notation of [30 that ©„ o$ n ~ Id © II and 3n o n ~ 
Id ©II, where II is the parity change functor. In this case, if D(X) is of type M, i.e. 
hp' (A) is even, then D x := <8 n (D(X)) is an irreducible 7„-supermodule of type Q. 
If D(X) is of type Q, i.e. h p ,{X) is odd, then g» n (D(A)) ~ L> A © ILD A for a unique 
irreducible 7^,-supermodule D A of type M. 

Theorem 8.2.1. [30, Theorem 22.3.1] For any n we have that 

{D x | A £ ^P p (n)} 

is a complete and irredundant set of irreducible l~ n -supermodules up to isomorphism. 
Moreover, D x is of type M if and only if n — h p '(X) is even. 

Let again n be odd. If A G V p {n) and h p >(X) is even, we define 5 A := 0„(5(A)). 
However, if h p i (A) is odd, we have to be more careful. 

Let V be a finite dimensional supermodule over a superalgebra A. A map 
J : V V is called a Q-map if J is an odd A-endomorphism of V such that 
J 2 = idy The Schur's Lemma for superalgebras (see e.g. [301 Lemma 12.2.3]) 
states that for a finite dimensional irreducible A-supermodule V, its endomorphism 
algebra End(V) is spanned by idy if V is of type M, and it is spanned by idy and a 
Q-map J on V if V is of type Q (to get to this statement of Schur's lemma, one needs 
to replace J from [30, Lemma 12.2.3] by y/—U). We are interested in Q-maps on 
some supermodules which are not necessarily irreducible. 

Lemma 8.2.2. Let n G Z>o- 

(i) If X € X+(n) and h p >(X) is odd then the U(n)- supermodule V(X) has a 
Q-map. 

(ii) If X G V p (n) and h p i(X) is odd then the y n - supermodule 5(A) has a Q- 
map. 

PROOF, (i) Under our assumptions, u(A) is an irreducible iJ-supermodule of 
type Q, see Proposition ll.3.2T v). so it has a Q-map by Schur's Lemma. This map 
induces a Q-map on the induced module H (A), and now (i) follows by passing to 
duals. 

(ii) Let J be a Q-map on V(X), which exists by (i). By definition 5(A) = 
T(V(X)) = V(X) Un , and J 7 (J) is just the restriction of J to the weight space 
V{X) Un , so it is also a Q-map. □ 

Lemma 8.2.3. Let n be odd, and M G y n — smod possess a Q-map Jm- Then there 
exists a unique up to isomorphism N G 7~ n — smod such that & n (M) ~ N TIN . 

PROOF. Note that U n is an irreducible type Q module over C„, so it possesses 
a Q-map Ju by Schur's Lemma. Let 8m '■ M — > M be a linear map which maps an 
arbitrary homogeneous m G M to (— l)H m Hm. 

Observe that the linear operator 



Hom Cn (U n ,M) -> Hom Cn (U n ,M), f ^ 5 M J M fJu 
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squares to — id. So we can decompose <& n (M) = Homc„(£Ai, M) as N+(B N-, where 
N± := {/ G Uom Cn (Un,M) \ f = ±s/=lS M JMfJu}- 

One easily checks that this is decomposition respects the structure of <S„(M) as a 
7^-supermodule. It remains to observe that N- ~ HN+ , the isomorphism given by 
/ l— ^ Jm f ■ The uniqueness of N (up to a not necessarily even isomorphism) follows 
from the Krull-Schmidt Theorem. □ 

It now follows from Lemmas l8. 2.21 and !8. 2.31 that in the case where n is odd and 
A G V p (n) has odd p'-height h p >(\), we have <5 n (S(\)) = S x © ILS A for some T n - 
module S x defined uniquely up to isomorphism. We have now defined the modules 
S x for A G V p (n) in all cases. We refer to these modules as Specht modules for T n - 

Proposition 8.2.4. Let A G IZVp^i). Then the Specht module S x has simple head 
D\ 

PROOF. An easy computation involving the properties of the functors (5 n 
and $ n established in [30, Proposition 13.2.2] shows that dim Hom-7^ (5** , D^) — 
dimHom Tn (£) A ,£)^) for any /i, using the similar fact for the supermodules S{\) 
and D(/j,) over y n . □ 

Another application of [30, Proposition 13.2.2] now yields our main result for 
7^-supermodules: 

Theorem 8.2.5. Let A G WP p (n) and £ KV v {n - 1). Then 

(i) fi is obtained from A by removing a good node if and only if 

Homr^CDVes^ D x ) 0. 

(ii) fj, is obtained from A by removing a normal node if and only if 

Hom Tn _ 1 (5^,res^_ i D x ) ^ 0. 

In particular, if [L is obtained from A by removing a normal node then 
is a composition factor of the restriction res^" i D x . 

(iii) A is obtained from fj, by adding a cogood node if and only if 

Hom Tn (£) A ,ind^_ i D») ^ 0. 

(iv) A is obtained from fi by adding a conormal node if and only if 

Hom Tn (S' A ,ind^_ i £> M ) ^ 0. 

In particular, if A is obtained from /1 by adding a conormal node then D x 
is a composition factor of the rinduction ind^* D^ 1 . 
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